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NOTATION 

The  conventions  used  in  this  dissertation  are  intended  to  be  consistent 
with  most  of  the  modem  references  to  classical  general  relativity.  In  almost 
all  cases,  the  meaning  will  be  clear  from  the  context.  When  the  possibility 
for  confusion  exits,  the  actual  meaning  is  presented.  Geometrized  units  are 
employed  throughout  the  text,  that  is,  units  having  the  gravitational  constant 
and  the  speed  of  light  both  set  equal  to  one.  The  choice  of  the  metric  signature 

is  ( 1-  +  +).  The  following  is  a  descriptive  list  of  symbols  and  their  meanings 

appearing  within  this  dissertation: 

g^u  Metric  of  four  dimensional  space-time  geometry 

V„  Covariant  derivative  associated  with  space-time  metric 

Ct  Lie  derivative  in  the  direction  of  the  four- vector  t 

(M,  guv)     Space-time  manifold  with  metric  g^ 

T,T  Space-like  hypersurface  embedded  in  space-time  manifold 

r  Time  parameter  labeling  each  hypersurface 

7^  Metric  of  three  dimensional  spatial  geometry 

Dj/  Covariant  derivative  associated  with  spatial  metric 

Kpv  Extrinsic  curvature  tensor 

■nuv  Momentum  conjugate  to  spatial  metric 

r^  c  Christoffel  Symbols 


Ro/?7<5  Riemann  Tensor  of  four  dimensional  spacetime  geometry 

Rap.yS  Riemann  Tensor  of  three  dimensional  spatial  geometry 

R^iz  Ricci  Tensor  of  four  dimensional  spacetime  geometry 

R^iz  Ricci  Tensor  of  three  dimensional  spatial  geometry 

R  Ricci  Scalar  of  four  dimensional  spacetime  geometry 

R  Ricci  Scalar  of  three  dimensional  spatial  geometry 

G^j/  Einstein  tensor 

T^j,  Stress  energy  tensor 

a  Lapse  function 

j3  Shift  vector 

ty  Reduces  to  conformal  factor  in  low  velocity  limit 

Cq  Lagrangian  density  of  general  relativity 

Tig  Hamiltonian  density  of  general  relativity 

He  Hamiltonian  of  general  relativity 

s  Separation  between  the  two  black  holes 

m  Schwarzschild  test  particle  mass 

E  Energy  of  Schwarzschild  test  particle  mass 

m\  Mass  of  first  black  hole  as  measured  on  common  sheet  of 

hypersurface 

777.2  Mass  of  second  black  hole  as  measured  on  common  sheet  of 

hypersurface 

[i  Reduced  mass:  m\m<il(rn\  +  JT12) 

Mtotal  Mass  of  both  black  holes  as  measured  on  common  sheet 

M\  Irreducible  mass  of  first  black  hole  as  measured  on  first 

isolated  sheet  of  hypersurface,  also  called  MlirreducibU 

Mi  Irreducible  mass  of  second  black  hole  as  measured  on  second 

isolated  sheet  of  hypersurface,  also  called  M2irreducible 

Mo,  E0       Extreme  values  of  the  mass  determined  by  Hamiltonian 

x 


Q  Angular  frequency  of  rotation  of  binary  black  holes 

x0l  Position  of  first  black  hole  along  x-axis  in  corotating  frame 

Xo2  Position  of  second  black  hole  along  x-axis  in  corotating  frame 

u  Tangential  velocity  of  first  black  hole 

v  Tangential  velocity  of  second  black  hole 

Jtotai  Total  angular  momentum 

j total  Scaled  total  angular  momentum:  Jiotail{M\M2) 

Xji  Reduced  quadrupole  moment  tensor 

LGW  Dimensionless  luminosity  of  gravitational  radiation 

— jj^-  Rate  angular  momentum  lost  to  gravitational  radiation 

Y^m  Spherical  harmonics 

F»*  Complex  conjugate  to  spherical  harmonics 
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A  novel  approach  to  the  numerical  analysis  of  the  dynamic  system  of 
two  spiralling  black  holes  is  developed  using  the  initial  value  formalism  of  gen- 
eral relativity.  As  the  two  black  holes  spiral  in  on  each  other  they  will  lose 
energy  and  angular  momentum  in  the  form  of  gravitational  radiation.  When 
the  amplitude  of  this  gravitational  radiation  is  small  enough,  the  space-time 
for  the  two  orbiting  black  holes  can  be  approximated  by  a  geometry  which  is 
unchanging  as  seen  by  an  observer  in  a  frame  of  reference  corotating  with  the 
two  black  holes.  Then  a  time-like  Killing  vector  field  is  assumed  to  exist  over 
a  finite  region  of  the  space-time  geometry.  A  variational  principle  is  found  for 
the  total  mass  of  the  binary  system  based  on  the  Hamiltonian  of  general  rela- 
tivity and  is  used  to  study  the  dynamics  and  stability  of  the  close  orbits.  The 
emission  of  gravitational  waves  within  the  context  of  the  quadrupole  moment 
approximation  is  used  to  determine  the  secular  evolution  of  the  system.   For 


black  holes  of  equal  mass,  approximately  3%  of  the  their  initial  mass,  as  deter- 
mined when  the  two  black  holes  are  at  rest  at  large  separations,  is  emitted  as 
gravitational  radiation  with  frequencies  less  than  the  quadrupole  normal  mode 
frequency  of  the  final  coalesced  Kerr  black  hole. 


CHAPTER  1 
INTRODUCTION 


The  concept  of  black  holes  has  been  on  the  minds  of  men  for  at  least 
two  centuries.  In  1783  John  Michell,  in  a  letter  to  Henry  Cavendish,  discussed 
the  gravitational  confinement  of  light  emitted  from  the  surface  of  a  star  with 
the  same  density  as  our  sun  but  having  a  radius  500  times  greater.  Laplace 
predicted  in  1795  that  a  spherical  object  having  a  large  mass  of  sufficiently 
small  radius  would  possess  a  gravitational  field  so  great  that  even  light  could 
not  escape  from  its  surface  in  accord  with  the  Newtonian  theory  of  gravity. 
Receiving  little  attention,  Laplace  removed  his  early  consideration  of  a  black 
hole  from  later  editions  of  his  work.  The  consequences  of  gravitational  fields  of 
this  strength  brought  up  in  these  early  discussions  lie  dormant  for  more  than 
a  century,  until  Einstein's  theory  of  general  relativity  in  1915. 

Schwarzschild  was  able  to  formulate  an  exact  solution  to  the  gravitational 
field  surrounding  a  spherical  mass  within  a  month  of  Einstein's  publication  of 
the  theory  of  general  relativity.4  Schwarzschild's  solution  contains  the  complete 
description  of  the  gravitational  field  associated  with  a  spherically  symmetric, 
nonrotating,  electrically  neutral  black  hole.  Einstein,  not  surprisingly,  did  not 
expect  an  exact  solution  to  the  field  equation  of  general  relativity  to  exist  and 
commended  Schwarzschild  on  his  achievement. 

During  the  next  half  century  black  holes  would  once  again  be  disregarded 
as  an  idea  with  enough  physical  significance  to  justify  their  study.  Theoretical 
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studies  of  white  dwarfs  by  Chandrasekhar  in  1930  lead  to  the  prediction  of 
an  upper  mass  limit  for  white  dwarfs  of  approximately  1.4  M0.  Above  this 
maximum  mass,  known  as  the  Chandrasekhar  limit,  a  white  dwarf  would  not 
be  saved  from  gravitational  collapse  by  the  degenerate  relativistic  electron 
pressure  of  Fermi-Dirac  statistics.  The  final  state  of  such  a  stellar  object  was 
now  a  matter  of  speculation.  Eddington,  unhappy  with  the  prospects  of  black 
holes,  modified  the  equation  of  state  of  a  degenerate  relativistic  gases  such  that 
finite  equilibrium  states  existed  for  stars  of  any  mass.  Landau  also  rejected  the 
idea  of  black  holes  as  the  final  resting  state  of  stars  with  masses  greater  than 
the  Chandrasekhar  Limit.  In  his  elementary  explanation  of  the  Chandrasekhar 
Limit,  Landau  concludes, "Such  masses  exist  quietly  as  stars  and  do  not  show 
any  such  ridiculous  tendencies  we  must  conclude  that  all  stars  greater  than 
1.5  M0  certainly  possess  regions  in  which  the  laws  of  quantum  mechanics  are 
violated."7 

Chadwick's  discovery  of  the  neutron  lead  to  a  new  class  of  stellar  object, 
the  neutron  star.  These  objects  are  supported  against  gravitational  collapse 
by  the  pressure  of  degenerate  neutrons  and  the  strong  interactions  between 
nucleons.  The  first  detailed  calculations  of  neutron  star  structure  were  carried 
out  by  Oppenheimer  and  Volkoff  in  1939.  They  also  reached  the  conclusion 
that  a  critical  mass  existed  above  which  neutron  stars  could  not  reach  a  final 
equilibrium  state.  Later  Oppenheimer  and  Snyder  made  a  detailed  study  of 
the  collapse  of  pressureless  neutron  stars  and  concluded  that  it  was  unlikely 
that  any  law  of  physics  would  come  to  the  rescue  to  prevent  the  gravitational 
collapse  for  some  stellar  masses. 

Lacking  observational  support,  the  study  of  black  holes  yielded  to  the 
opinions  of  the  great  astronomers  and  physicists  of  this  era.     In  retrospect 
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Chandrasekhar  stated,  "Eddington's  supreme  authority  in  those  years  effec- 
tively delayed  the  development  of  fruitful  ideas  along  these  lines  for  some  thirty 
years."      Even  with  the  critical  mass  limits  derived  from  theory,  serious  consid- 
erations of  black  holes  did  not  surface  again  until  the  later  half  of  this  century. 

The  golden  age  of  black  holes  began  in  the  1960s  with  contributions  from 
many  physicists.  2>13,14  Much  of  the  excitement  in  black  holes  was  sparked  by 
the  observations  of  exotic  stellar  objects  such  as  pulsars,  quasars,  and  com- 
pact X-ray  sources.  In  1963  Kerr  discovered  a  family  of  exact  solutions  to 
Einstein's  vacuum  field  equations  characterizing  a  chargeless,  rotating  black 
hole.  Later  Newman  constructed  a  charged  generalization  of  this  solution  for 
the  Einstein-Maxwell  field  equations.  This  is  the  most  general  exact  analytic 
solution  of  a  black  hole  known.  It  is  parametrized  by  just  three  observable 
quantities,  total  mass  M,  total  angular  momentum  J,  and  total  charge  Q.  Such 
a  simple  parametrization  of  a  black  hole  led  Wheeler  to  the  adage,  "A  black 
hole  has  no  hair." 

At  roughly  the  same  period  in  time  new  techniques  were  being  developed 
to  handle  the  increasing  number  of  global  issues  surrounding  black  hole  physics. 
Questions  concerned  with  asymptotic  flatness,  event  horizons,  and  singulari- 
ties were  resolved  using  these  new  global  techniques.  19,20,21,22  ^n  extremely 
useful  conformal  transformation  of  space-time  developed  by  Penrose,  designed 
to  bring  infinity  into  a  finite  distance,  illustrates  the  global  features  of  a  black 
hole  in  what  is  known  as  a  Penrose  diagram.  This  diagram  describes  all  the 
causal  relationships  of  past  and  future  singularities,  event  horizons,  space-like, 
time-like,  and  null  infinities,  and  the  orientation  of  light  cones  at  all  events  for 
a  black  hole's  space-time  manifold.  It  plays  a  crucial  role  in  formulating  the 
topic  of  this  dissertation. 


4 

By  the  1970s  the  studies  of  a  black  hole  had  reached  maturity.  Yet,  the 
universe  as  we  know  it  can  not  be  simply  modeled  by  the  space-time  geometry 
associated  with  a  single  black  hole.  If  Einstein's  field  equations  are  to  be 
considered  a  viable  mathematical  model  of  nature,  then  they  must  contain  the 
descriptions  of  any  physical  system  observed.  Efforts  to  find  new  solutions  have 
been  restricted  to  studies  of  space-time  geometries  with  so  much  symmetry 
that  their  applications  to  astrophysics  become  very  limited.  Perturbative 
methods  are  also  applied  to  problems  of  significance  to  astrophysics,  but  they 
too  are  plagued  by  a  limited  range  of  application  from  perturbation  theory's 
very  nature. 

Classical  theories  of  physics  such  as  mechanics  and  electromagnetism 
have  the  feature  that  when  initial  data  is  specified  in  such  a  way  as  to  satisfy 
any  constraints  in  the  theory,  then  the  initial  data  can  be  dynamically  evolved 
in  a  manner  completely  and  uniquely  determined  by  the  specification  of  initial 
data.  A  theory  which  can  be  represented  by  such  a  description  is  said  to  possess 
an  initial  value  formulation.  The  general  theory  of  relativity  also  has  an  initial 
value  formulation,  much  of  the  pioneering  development  was  carried  out  in 
the  1960s  by  Arnowitt,  Deser,  and  Misner.27 

These  efforts  laid  down  the  foundation  for  studying  new  classes  of  prob- 
lems using  the  initial  value  formulation  of  the  general  theory  of  relativity.  The 
task  of  finding  solutions  is  no  less  involved  in  this  formulation.  However,  the 
initial  value  formulation  is  well  suited  for  numerical  analysis.  With  the  in- 
creasing speed  and  accuracy  of  the  digital  computer  finding  applications  in 
many  areas  of  research,  the  computer  age  inevitably  was  to  influence  general 
relativity.  Initial  data  ranging  from  gravitational  radiation  to  colliding  black 
holes  have  been  studied  by  these  methods. 2^.29 


One  important  unsolved  classical  problem  in  general  relativity  is  the  bi- 
nary system  of  two  orbiting  black  holes.  Such  a  system  of  black  holes  will  spiral 
in  on  each  other  as  a  result  of  the  energy  and  angular  momentum  losses  asso- 
ciated with  gravitational  radiation  emitted  by  the  system.  The  amplitude  of 
the  radiation  increases  as  the  system  becomes  more  tightly  bound.  Eventually, 
the  secular  time  scale  becomes  comparable  to  the  orbital  period.  In  the  end 
the  black  holes  coalesce  with  a  highly  nonlinear  burst  of  gravitational  radia- 
tion then  settle  down  into  a  Kerr  black  hole.  The  details  of  this  binary  black 
hole  system  poses  an  important  challenge  to  the  classical  theory  of  general 
relativity. 

The  energy  and  angular  momentum  carried  off  by  gravitational  radia- 
tion will  be  small  throughout  most  of  the  evolution  of  the  black  holes.  While 
the  time  scale  for  secular  effects  caused  by  the  radiation  reaction  are  large  in 
comparison  to  the  dynamical  time  scale  of  the  orbit,  an  observer  in  a  frame 
of  reference  rotating  with  the  black  holes  will  see  the  space-time  geometry  as 
approximately  time  independent.  Making  the  time  independence  into  a  global 
feature  of  the  space-time  geometry  introduces  an  important  simplification  to 
general  relativity.  This  time  independent  approximation  to  the  geometry  ap- 
plied to  the  spiralling  binary  black  hole  system  is  the  subject  of  this  disserta- 
tion. 

The  geometry  for  a  finite  but  sufficiently  large  region  of  the  space-time 
manifold  is  considered.  Initial  data  consistent  with  the  binary  system  of  or- 
biting black  holes  and  satisfying  the  necessary  constraints  is  placed  on  a  par- 
tial Cauchy  surface  of  the  manifold.  This  initial  data  evolves  inside  the  future 
Cauchy  development  consistently  with  the  time  symmetry  of  the  rotating  frame 
of  reference.  The  time  translational  vector  field  of  this  frame  will  be  a  Killing 
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vector  field  for  the  geometry.  This  Killing  vector  field  results  in  a  simplifica- 
tion of  the  initial  value  formulation  to  a  set  of  equations  we  call  the  steady 
state  equations.  These  equations  are  used  in  a  variational  principle  for  the 
total  mass,  which  when  extremized  provides  the  total  mass  of  circular  orbits. 
The  results  of  this  novel  technique  are  compared  with  calcidations  from  earlier 
methods  when  the  parametrization  of  the  binary  system  of  black  holes  overlaps 
these  earlier  techniques. 

The  quadrupole  gravitational  radiation  is  used  to  benchmark  the  validity 
of  the  approximation  of  a  time  translational  Killing  vector  for  the  space-time 
geometry.  As  long  as  the  amplitude  of  the  gravitational  radiation  is  small 
on  the  boundaries  of  Cauchy  surface  approximate  asymptotic  flatness  can  be 
imposed  as  a  boundary  condition.  Under  these  circumstances  the  geometry 
will  be  a  reasonable  approximation  to  the  realistic  geometry  for  this  system. 


CHAPTER  2 
INITIAL  VALUE  FORMULATION 


2.1  Foliation  of  Space-Time 

The  search  for  a  mathematical  representation  of  the  physical  universe  in 
classical  general  relativity  begins  with  Einstein's  field  equations 

GQ/?  =  Ru/?  -  ^JapR  =  8ttTq/?  (2.1) 

a  set  of  coupled,  second  order,  nonlinear,  partial  differential  equations  which 
relate  the  inverse  of  curvature,  through  second  order  derivatives  of  the  metric 
coefficients  on  the  right  to  sources  of  curvature,  the  distribution  of  mass  and 
energy  on  the  left,  for  a  space-time  manifold.  The  elegant  statement  of  Ein- 
stein's equations,  that  given  the  mass  energy  distribution  then  solve  for  the 
geometry  of  space-time,  is  misleading.  This  results  from  the  coupling  of  the 
definition  of  the  mass  energy  distribution  to  the  geometry.  Without  knowledge 
of  the  geometry,  the  distribution  of  mass  and  energy  cannot  be  specified. 

In  actuality,  one  can  only  describe  equation  (2.1)  in  terms  of  sources 
and  expressions  for  the  geometry  correctly  after  separating  the  initial  value 
data  from  the  future  evolution.  Of  the  ten  components  to  Einstein's  field 
equations,  four  equations  relate  the  distribution  of  mass  energy  on  a  space- 
like hypersurface  to  the  geometry  of  the  hypersurface,  and  the  remaining  six 
equations  determine  how  the  geometry  of  the  hypersurface  and  the  mass  energy 
will  evolve.    The  true  statement  of  Einstein's  field  equations  is  that  given  a 
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space-like  3-geometry  and  its  time  rate  of  change,  and  given  the  fields  of  mass 
energy  and  their  time  rates  of  change  all  at  a  particular  time,  solve  the  space- 
time  4-geometry  at  that  one  time,  and  then  evolve  the  mass  energy  fields  and 
4-geometry  to  all  times.  The  details  of  this  procedure  are  at  the  center  of  the 
initial  value  formulation  of  general  relativity. 

In  order  to  apply  the  initial  value  formalism  to  general  relativity  the 
space-time  manifold  (M,ga/j),  where  gaa  are  the  metric  coefficients,  must  be 
well  posed.  That  is,  the  gravitational  field  must  be  the  time  history  of  the 
geometry  of  a  space-like  hypersurface  viewed  as  a  Cauchy  problem.  That 
the  space-time  manifold  (M,ga#)  possesses  a  Cauchy  description  requires  the 
manifold  to  be  globally  hyperbolic  with  the  following  features: 

•  There  are  no  closed  causal  paths. 

•  M  can  be  foliated  by  Cauchy  surfaces  Er. 

•  The  Cauchy  surface  is  parametrized  by  a  global  time  function  t  whose 
gradient  is  time-like  everywhere. 

•  M  has  topology  S  x  3£  where  E  is  the  topology  of  the  Cauchy  surface. 
On  such  a  manifold,  (M,gft/j),  an  initial  value  formulation  is  well  posed.      This 
is  shown  by  using  harmonic  coordinates  x^ic  which  satisfy 

H*  =  V„V"x£c  =  0  .  (2.2) 

They  are  used  to  write  Einstein's  field  equations  as  a  quasilinear,  diagonal, 
second  order  hyperbolic  system 

-\gQpdQdpgiIl/  +  Fflu(g,  dg)  =  SttV  (2.3) 

where  the  F^u(g,dg)  are  the  nonlinear  terms  that  depend  on  the  metric  and 
its  first  derivative. 
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The  harmonic  coordinates  x^lc  of  equation  (2.2)  are  not  useful  in  the 
initial  value  formalism.   However,  the  coordinates  to  be  used  are  related  by  a 
coordinate  transformation  to  the  harmonic  coordinates 

dx  v 

X      =  XHC  ~    n        ■  K—^) 

OxHC 

The  coordinate  transformation  does  not  change  the  geometry  of  the  space-time, 
or  the  physics  it  contains.  It  does  mean  that  we  are  free  to  work  with  a  set 
of  coordinates  which  more  closely  characterize  the  problem  at  hand  and  still 
be  assured  that  the  development  of  the  Cauchy  Surface  will  exist.  The  initial 
data  on  the  Cauchy  surface  has  a  maximal  development;  this  is  the  manifold 
(M,ga/j).  The  extent  of  the  Cauchy  development  typically  is  large  enough  to 
prove  physically  interesting. 

Having  demonstrated  that  a  well  posed  initial  value  formalism  is  con- 
sistent with  treating  the  task  of  finding  solutions  in  general  relativity  to  the 
Cauchy  problem,  the  initial  value  formulation  can  now  be  described.  The 
space-time  manifold  (M,gQ#)  is  foliated  by  Cauchy  surfaces,  space-like  hyper- 
surfaces  Sr,  parametrized  by  a  universal  time  function  r.  Each  Cauchy  surface 
will  have  a  time-like  normal  vector  field 

n  =  n«-A  =  n%  (2.5) 

satisfying  the  normalization  condition 


(11,11)  =  -1  (2.6) 

and  having  components  na  in  the  coordinate  basis  d/dxQ  or  components  11P  in 
the  general  basis  e^.  The  selection  of  basis  is  also  arbitrary  though  the  choice 
can  lead  to  a  simplification  of  calculations.  As  an  example,  a  natural  choice  for 
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the  initial  value  formulation,  choose  eg  =  n,  the  normal  to  the  hypersurface 
surface,  and  e,  where  i  =  (1,2,3),  any  three  tangent  vectors  spanning  this 
hypersurface  Sr.  Though  not  necessary,  the  three  tangent  vectors  are  generally 
assumed  to  be  the  tangents  to  the  coordinates 

ox1 
providing  a  coordinate  basis  for  the  discussion  of  the  three  geometry  of  the 
hypersurface. 

The  normal  to  each  hypersurface  of  the  foliation  is  also  described  through 
the  dual  cotangent  basis  of  vectors  eft  by  the  closed  one-form 

w  =  wQea  =  wQdxa  (2.8) 

where  ea  =  dxa  in  a  coordinate  basis,  and  w  satisfies  the  relation 

(n,w)  =  l.  (2.9) 

The  one-form  w  describes  the  foliation  of  space-time  and  is  related  to  the 
universal  time  function  r  by  the  gradient 

W0  =  aVfjT  (2.10) 

where  V  is  the  covariant  derivative  of  the  space-time  manifold  and  a  is  the 
lapse  function.  The  lapse  function  a  is  a  measure  of  the  local  rates  of  clock 
on  the  hypersurface.  Imposing  these  choices  insures  that  n  points  in  the  di- 
rection of  increasing  r,  and  gives  the  four-velocity  vector  field  of  observers 
instantaneously  at  rest  in  the  slice  Sr. 

An  important  point  to  make  about  n  is  that,  for  a  particular  foliation  of 
the  space-time  manifold,  it  is  not  the  most  natural  choice  of  orthogonal  vector 
fields  for  connecting  each  slice.  Reconsidering  equation  (2.9) 

(n,w)  =  (n,aVr)  =  (an,Vr)  (2.11) 
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reveals  that  the  orthogonal  vector  field  with  components  N^  =  an?  is  the 
natural  choose  since  the  proper  time  interval  between  two  nearby  hypersurfaces 
parametrized  by  r  is  aSr.  However,  N  is  not  the  most  general  vector  to 
measure  this  proper  time  interval,  see  Figure  1.  Removing  the  restriction  of 
orthogonality,  a  general  vector  field  t  of  the  form 

t  =  tae(T  =  (ana  +  P<T)ea  (2.12) 

with  f3awa  =  0ana  =  0,  will  also  satisfy  the  normalization  condition 

(t,Vr)  =  l.  (2.13) 

The  arbitrary  spatial  vector  /S^eV  is  the  shift  vector  and  represents  the  remain- 
ing kinematic  freedom  associated  with  describing  a  particular  space-time  foli- 
ation. The  vector  field  t  is  the  tangent  to  a  congruence  of  curves  parametrized 
by  r  connecting  the  hypersurfaces  Sr  of  the  foliation  on  (M,gai^). 

The  space-time  metric  gap  of  M  induces  the  space-like  metric  jap  on  the 
hypersurface  Sr  given  by 

lap  =  9a0  +  waw/3  (2-14) 

with  the  inverse  space-like  metric  given  by 

y<*0  =g<*P  +  n°nP  .  (2.15) 

That  the  metric  -yap  is  a  spatial  tensor  results  from 

7a/?7/  =  0  .  (2.16) 

The  mixed  form  7^,  one  covariant  index  and  one  contravariant  index,  is  the 
unit  operator  of  projection  onto  the  hypersurface. 
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local 
light    cone 


FIGURE  1:  Two  Neighboring  Spatial  Slices  of  a  Foliation.  Two  neigh- 
boring hypersurfaces  of  the  space-time  foliation  illustrating  the  relationship 
between  the  "time"  vector  t,  the  lapse  function  a,  the  shift  vector  0,  and  the 
normal  n  in  the  expression  t  =  (ana  +  f3(T)ea. 
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The  covariant  derivative  V  of  the  space-time  manifold  also  induces  a 
covariant  derivative  D  on  the  hypersurface  though  the  action  of  the  projection 
operation.     Consider  a  scalar  function  $  defined  on  the  hypersurface.    The 
covariant  derivative  on  Sr  of  $  is  given  by 

D^EVjVa*.  (2.17) 

Next  consider  a  spatial  vector  existing  in  the  hypersurface  with  contravariant 
components  va  where  vawa  =  0.  The  covariant  derivative  on  Er  of  va  is  given 

by 

D/E7yAVat;A.  (2.18) 

As  a  last  example  consider  the  second  rank  mixed  spatial  tensor  taQ  which 
satisfies  taaWa  —  tagn"  =  0.  The  covariant  derivative  on  Sr  of  ta^  is  given  by 

When  the  covariant  derivative  D  on  the  hypersurface  acts  on  the  spatial 
metric  yag  the  following  result 

Vnlap  =  iWal^aig^  +  nflnu)  =  0  (2.20) 

using  Vcr^^j/  =  0,  and  7°^n'"  =  0,  shows  D  to  be  the  unique  covariant  deriva- 
tive operator  on  the  hypersurface  aT  associated  with  the  metric  fQp  of  the 
hypersurface. 

Having  established  a  metric  jag  and  covariant  derivative  D  on  the  hy- 
persurface S7-,  the  usual  constructs  of  differential  geometry  can  be  defined  on 
the  3-geometry  of  the  hypersurface.  The  Riemannian  curvature  tensor  R(-y)  is 
given  by  requiring  that  all  spatial  cotangent  vectors  u)vdxv  satisfy 

D[«DflW>,  =  i(D«D,  -  DjDaK  =  Wypeio>n  ■  (2-21) 
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To  complete  the  initial  data  for  the  Cauchy  surface  also  requires  the 
extrinsic  curvature  tensor  Kan.    The  following  are  equivalent  expressions  for 
the  extrinsic  curvature: 

KtrP  =  T^T^V^aV^r 

=  o7^7l'p(V/zttv  +  VuWp) 


2 

1 


=  -o7//(r7I/«(V»nJ/  +  V„n„) 


=  -jjTVpfafc/V^n*  +  g^Vurfi)  (2.22) 

=  -«7^7,/p(^V^^I/  +  g^V^n*-  +  g^Vvnt) 


2 
1 

9  /  a  i  p 
1 

=  —zCnJ<rp 


=  -o7/i<77^n<7/ii/ 


=  ~o7  <r7  p&ilfni/ 


2 

where  £  is  the  Lie  derivative.  The  Lie  derivative  £n  in  the  direction  of  the  time- 
like normal  n  to  the  Cauchy  surface  acts  as  a  time  derivative.  The  equation 
£n7  v  =  0  was  used  in  the  last  two  equalities.  The  final  expression  provides 
an  interpretation  of  the  extrinsic  curvature  as  the  time  rate  of  evolution,  or 
velocity,  of  the  spatial  metric.  The  extrinsic  curvature's  role  in  the  initial  data 
formulation  is  to  express  the  bending  of  the  embedded  hypersurface  Sr  in  the 
space-time  manifold  (M,gQg).  The  extrinsic  curvature,  as  a  spatial  tensor, 
depends  on  the  vector  field  n  only  on  the  Cauchy  surface.  Thus,  one  slice  of 
the  foliation  of  space-time  is  characterized  by  (Sr,  jag,  A'Q/j),  and  provides  the 
initial  data  for  the  space-time  manifold  (M,gQg). 

As  previously  mentioned,  the  3-geometry  is  found  first,  followed  by  the 
determination  of  the  4-geometry  for  that  one  value  of  the  universal  time  r. 


15 
The  geometry  of  the  hypersurface  is  related  to  the  space-time  geometry  by  the 
Gauss-Codazzi  equations 

7^7 VV/jiW"  =  Rap\6  +  Ka\Kp6  ~  Ka6Kp\  (2.23a) 

7Pa7  V^W"""  =  DQKp6  -  D0Ka6  (2.23b) 

where  the  roman  Rpo-^j/  are  the  components  of  the  Riemannian  tensor  of  the 
space-time  geometry,  and  the  italic  Rap\&  are  the  components  of  the  Rie- 
mannian tensor  of  the  hypersurface,  which  results  from  the  projection  onto 
the  Cauchy  surface  of  the  commutator  of  the  space-time  covariant  derivatives, 
VraVai,  applied  to  any  spatial  vector,  and  applied  to  the  normal  vector.  Using 
the  symmetries  of  the  Riemannian  curvature  tensor,  and  the  equivalence  of  this 
tensor  to  the  Ricci  tensor  in  three  dimensions 

R(7/9/il/   =   R^/i/^crp] 


(2.24) 

R[app]v  =  ° 
and 


R*ppu  =  ZfalfiR^p  +  ^7p[vR(i](x  +  1a[v1n]pR  (2-25) 

the  Gauss-Codazzi  equations  relate  14  of  the  20  components  of  the  space- 
time  Riemannian  curvature  tensor  to  the  initial  data  on  each  hypersurface  Sr. 
These  equations  are  consistent  for  any  three  dimensional  geometry  embedded 
in  a  four  dimensional  geometry. 

Requiring  that  the  space-time  geometry  (M,gag)  satisfy  Einstein's  field 
equations  (2.1)  will  impose  several  constraints  on  the  initial  data  for  the  Cauchy 
surface.  Einstein's  equations  involve  the  Ricci  tensor  R^,  and  Ricci  scalar  R  of 
the  space-time  geometry.  The  Gauss-Codazzi  equations  relate  the  Riemannian 
tensor  of  the  space-time  geometry  to  the  initial  data  of  the  hypersurface.  In 
order  to  impose  Einstein's  equations,  the  Gauss-Codazzi  equations  must  be 
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contracted  into  a  form  involving  the  Ricci  tensor  and  Ricci  scalar.  Contracting 
the  indices  a  and  A  in  equation  (2.23a  )  and  using  equation  (2.14)  gives 
'fprtVh&ov  +  nWRppfiS  ~  nWnPwpRpcpS  +  npnanfl7i'/wf3iosRp(Tfll/ 

=  R/36  +  K\Kp6  ~  K\Kp\  • 

Using  the  symmetries  of  the  Riemannian  tensor  this  reduces  to 

7  VjR™  +  nWB.p0piS  =  R/36  +  K\Kp6  -  KX6K0X  .  (2.26) 

Contracting  this  equation  over  the  indices  /?  and  6  gives 

R  +  2nPn»Rpfl  =  R  +  KXXK66  -  KX6KX6  ■  (2.27) 

This  expression  relating  the  Ricci  scalar  and  Ricci  tensor  of  the  space-time 
geometry  to  the  Ricci  scalar  and  extrinsic  curvature  of  the  hypersurface.  Simi- 
larly, by  contracting  the  indices  a  and  6  in  equation  (2.23b  )  and  using  equation 
(2.14)  gives 

T^R^n"  +  TV^n'R^  =  DaK Qp  -  D0KaQ  . 

Again  using  the  symmetries  of  the  Riemannian  tensor  this  reduces  to 

j^Rtrvn"  =  DaKa0  -  DpKaQ  (2.28) 

which  relates  the  Ricci  tensor  of  the  space-time  geometry  to  the  co variant 
derivative  of  the  extrinsic  curvature  in  the  hypersurface. 

Before  invoking  Einstein's  field  equations  on  equations  (2.27),  and  (2.28), 
consider  the  trace  of  equation  (2.1) 

Gaa  =  RQa  -  \gaaR  =  SttT". 

which  reduces  to 

R  =  -87rTaa  .  (2.29) 
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This  can  now  be  substituted  back  into  equation  (2.1)  giving 

Ra0  =  8n(TQp  -  \jqPTqq)  (2.30) 

which  is  an  equivalent  expression  to  Einstein's  field  equations.  Substituting 
equations  (2.29),  and  (2.30)  into  equation  (2.27)  gives 

167rp  =  16™^!^  =R+  K\K66  -  KX6I<xs  (2-31) 

where  p  =  n^n^T^  is  the  energy  density  measured  by  an  observer  that  is 
moving  with  the  hypersurface  Er.  Making  these  same  substitutions  in  equation 
(2.28)  gives 

Sirjp  =  8^1^"  =  DaKap  -  DpKaa  (2.32) 

where  jp  =  j^Tai/n1'  is  the  momentum  density  vector  measured  by  the  same 
observer  moving  with  the  hypersurface  ET.  Equations  (2.31),  and  (2.32)  are 
constraints  on  the  initial  data  of  the  Cauchy  surface  imposed  by  Einstein's  field 
equations.  Equation  (2.31)  is  known  as  the  Hamiltonian  constraint  equation, 
and  equation  (2.32)  is  known  as  the  momentum  constraint  equation. 

Having  satisfied  these  equations,  the  initial  data  of  the  hypersurface  can 
be  evolved  forward  in  time  along  the  congruence  of  curves  parametrized  by 
r,  having  t  =  (anff  +  f3(T)ea  as  tangents.  In  order  to  evolve  the  initial  data, 
consider  the  Lie  derivative  of  the  extrinsic  curvature  CnKap.  This  will  provide 
the  remaining  6  components  of  the  space-time  Riemannian  curvature  tensor. 
The  6  components  of  the  space-time  curvature  tensor  involving  second  order 
derivatives  in  a  time-like  direction  are  given  by 

CnKap  =  AifTVKpV^uv))  =  Ca  Wo'fp  VpWj/J 

V  1  (2-33) 

=  lWpn6nXR6(iXl/  -  Ka6K6p  -  -DaDpo  . 
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In  order  to  impose  Einstein's  field  equations,  the  space-time  Riemannian  tensor 
is  replaced  by  expressions  involving  the  space-time  Ricci  tensor  and  the  initial 
data  on  the  hypersurface  by  substituting  equation  (2.26)  into  equation  (2.33) 
giving 

CnKap  =  -7^7>a  +  Rap  +  K\K„p  -  2KaXKXp  -  ^DaDpa  .       (2.34) 

Next  the  Einstein's  field  equations  are  imposed  through  the  substitution  of 

equation  (2.30)  into  equation  (2.34)  giving 

CnKap  =  -87Tj6fflXpTSX  +47rlapT\ 

1  (2.35) 

+  Rap  +  K\Kap  -  2KaXK  P  ~  -D<rDpa  . 

This  can  now  be  put  into  a  form  representing  the  Lie  derivative  of  the  ex- 
trinsic curvature  in  the  direction  of  the  tangents  to  the  congruence  of  curves 
parametrized  by  r  using  the  linearity  of  the  Lie  derivative 

CtKap  =  <yCnK<rp  +  L$Kap  .  (2.36) 

Applying  equation  (2.36)  to  equation  (2.35)  and  defining  the  projection  of  the 
spatial  stress  tensor  Sap  =  7  al  p^b\  gives 

CtKap  =  -8-rraSffp  +  AnajapT  \ 

(2-37) 
+  a  Rap  +  ah\hap  -  2aKa\KAp  -  DaDpa  +  Cphap 

which  is  the  evolution  equation  for  the  initial  data  of  the  Cauchy  surface  Er. 

Conservation  of  energy  and  momentum, VaTa^  =  0,  for  a  space-time 

manifold  (M.,gag)  is  a  consequence  of  the  contracted  Bianchi  identity 

V^C"  =  0  .  (2.38) 

This  is  shown  by  taking  the  divergence  of  Einstein's  field  equations 

V;/G^  =  V/IR/U/  -  ^"V^R  =  SttV^T^  .  (2.39) 
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Observers  moving  with  the  hypersurface  measure  the  stress  energy  tensor  using 
the  previously  defined  quantities  p,  jf*,  and  S^v  to  be 

V1"  =  pn»nv  +  2j^n^  +  S^  .  (2.40) 

Projecting  the  contracted  Bianchi  identities  onto  the  normal  n  to  the  hyper- 
surface and  imposing  Einstein's  equations  in  terms  of  equation  (2.40)  gives  the 
continuity  equation 

dp  =  aS^K^  +  apK^  -  aDpj"  -  2j',D/la  +  C0P  .  (2.41) 

Similarly,  by  projecting  the  contracted  Bianchi  identities  onto  the  hypersurface 
and  imposing  Einstein's  equations  in  terms  of  equation  (2.40)  gives  the  Euler 
equation 

dF  =  ZaKVjv  +  a^Kvv  -  aDuS^  +  S^Dua  +  rfVyCt  +  £pj»  .   (2.42) 

An  important  consequence  of  the  contracted  Bianchi  identities  (2.38)  is  that 
initial  data  which  satisfies  the  constraint  equations  (2.31),  and  (2.32),  will  con- 
tinue to  satisfy  these  constraint  equations  as  it  is  evolved  along  the  congruence 
of  curves  parametrized  by  t  from  one  slice  to  the  next  by  the  evolution  equation 

(2.37). 

2.2  Steady  State  Equations 

When  specializing  classical  general  relativity  to  the  study  of  black  holes, 
the  stress  energy  tensor,  Tag,  is  set  equal  to  the  classical  vacuum  value  of 
zero.  The  gravitational  field  itself  becomes  the  source  of  curvature  through 
the  nonlinearity  of  Einstein's  field  equations  (2.1).    Equation  (2.29)  for  zero 
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stress  energy  restricts  the  Ricci  scalar  of  the  space-time  geometry  to  zero. 
Substituting  these  vacuum  values  into  Einstein's  field  equations  gives 

Qivacuum)  =  R^  =  Q  ^  ^ 

The  Ricci  tensor  for  the  vacuum  space-time  geometry  must  be  zero.  The  initial 

value  formalism  applied  to  vacuum  space-times  will  also  have  zero  stress  energy. 

The  related  quantities  of  energy  density,  momentum  density  vector,  and  spatial 

stress  tensor  measured  by  an  observer  comoving  with  the  hypersurface  are  also 

zero 

p  =  0 

;-/J  =  0  (2.44) 

S^  =  0  . 
Applying  these  vacuum  restrictions  to  the  constraint  equations  (2.31),  and 

(2.32)  of  the  initial  value  formalism  gives  the  Hamiltonian  constraint  for  the 
vacuum 

R  +  K\K6S-KX6KX6  =  0,  (2.45) 

and  the  momentum  constraints  for  vacuum 

DaKap  -  D0KaQ  =  0  .  (2.46) 

Finally,  applying  the  vacuum  restrictions  to  the  evolution  equation  (2.37)  gives 

CtI<aP  =  aRap  +  aK\Kap  -  2aKaXKxp  -  D^D^o  +  CpKffp  .         (2.47) 

The  continuity  equation  (2.41),  and  the  Euler  equation  (2.42)  are  trivially 
satisfied  in  a  vacuum  space-time  geometry. 

The  initial  value  formalism  for  vacuum  simplifies  further  when  the  tan- 
gent vector  ta  is  a  Killing  vector  field.  A  vector  field  £a  on  any  space-time 
manifold  (M,gQ^)  satisfying 

CiQliv  =  Vfitv  +  V„^  =  0  (2.48) 


21 
is  known  as  a  Killing  vector  field.  Such  a  vector  field  results  from  the  presence 
of  a  symmetry  on  the  space-time  manifold.    This  symmetry  gives  rise  to  the 
conserved  quantity  £crUa  along  geodesies  having  ua  for  a  tangent,  as  is  shown 
by  evaluation  of  the  expression 

(2.49) 
=  0 

which  is  useful  for  integrating  the  geodesic  equation  u^V vu^  =  0,  when  sym- 
metries are  present. 

As  discussed  in  the  introduction,  the  spiralling  binary  black  hole  prob- 
lem possesses  no  symmetries.  This  is  a  consequence  of  the  gravitation  radiation 
the  system  emits  associated  with  the  acceleration  each  black  hole  experiences. 
Energy  and  angular  momentum  are  carried  off  to  null  infinity  by  the  gravita- 
tional radiation  causing  the  binary  system  of  black  holes  to  spiral  in  on  itself. 
However,  when  the  holes  are  reasonably  far  apart  and  orbiting  in  near  cir- 
cular orbits,  the  secular  time  scale  for  decay  of  the  orbit  will  be  large  when 
compared  with  the  dynamical  time  scale  of  the  orbital  motion.  Then  as  an 
approximation,  the  circular  orbits  will  be  stable.  An  observer  corotating  with 
the  black  holes  will  see  a  space-time  geometry  which  is  constant  in  time.  This 
approximation  will  then  possess  a  time  symmetry  in  the  corotating  observers 
frame.  The  corotating  observer's  Killing  vector  field  is  then 

t'  =  |  (2.50) 

where  the  prime  denotes  a  quantity  observed  in  the  corotating  frame.  In  the 
inertial  frame  of  reference,  the  black  holes  rotate  at  the  angular  frequency  Q,  as 
viewed  from  spatial  infinity.  The  shift  vector  connecting  the  coordinates  of  the 
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inertial  frame  to  the  coordinates  of  the  corotating  frame  in  the  asymptotically 
flat  region  is  given  by 

"£;  =  n!  ■  (2'51) 

The  natural  choice  of  orthogonal  vector  field  connecting  the  hypersurfaces  in 
the  asymptotically  flat  regions  of  space-time  for  the  inertial  frame  is 

N  =  a/e,  =  ^  .  (2.52) 

The  Killing  vector  field  for  the  asymptotically  flat  region  of  the  space-time 
geometry  in  the  inertial  frame  of  reference  is  given  by  equation  (2.12).  Substi- 
tuting the  asymptotically  flat  results  of  equations  (2.51),  and  (2.52)  gives 

as  a  coordinate  transformation  of  equation  (2.50)  also  reveals.  The  Killing  vec- 
tor field  for  all  other  regions  requires  that  the  space-time  geometry  be  known. 
Equation  (2.53)  is  an  asymptotic  boundary  condition  on  the  Killing  vector  field 
in  the  inertial  frame  of  reference. 

Having  chosen  the  appropriate  lapse  function  a,  and  shift  vector  f3a  to 
make  the  tangent  t  =  (ana  +  pa)^a  a  Killing  vector  field,  then  Ct,  the  Lie 
derivatives  in  the  direction  of  t,  of  various  geometric  quantities  of  the  space- 
time  manifold  (M,  gap)  will  be  zero.  In  particular 

Ullliv  =  °  (2-54) 

and 

CtKpV  =  0  (2.55) 

will  be  satisfied.  In  addition  equations  (2.22)  and  (2.54)  allow  the  extrinsic 
curvature  to  be  written  as 

*Kap  =  D(cr/3p)  .  (2.56) 
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The  vacuum  constraint  equations,  (2.45)  and  (2.46)  are  unchanged  by  this 
symmetry.  However,  the  vacuum  evolution  equation  reduces  to 

aRap  +  aK\K<rp  -  2aKaXKxp  -  DaDpa  +  CpKap  =  0  .  (2.57) 

The  last  term  in  equation  (2.57)  is  equivalent  to 

CpKap  =  pfDpKap  +  2KK(TDp)pK  .  (2.58) 

Substituting  into  equation  (2.57)  gives 

aRap+aK\Kap-2aKaXKXp-DaDpa+^DfiK(Tp+2KM{<TDp)^  =  0  .  (2.59) 

Under  the  symmetry  of  this  Killing  vector  field,  the  initial  value  formal- 
ism simplifies  to  a  set  of  equations  referred  to  as  the  steady  state  equations'™ 

aKap  =  D(Jp)  (2.60a) 

R  +  K\K\  -  KX6KX6  =  0  (2.60b) 

DaKa/3  -  DpKaa  =  0  (2.60c) 

DaDpa-^DpKap-2Kfi{aDp)f3^-aRap-aK\Kap+2aKITXKXp  =  0  (2.60d) 

which  are  collected  here  in  summary.  Equations  (2.60a  )  through  (2.60d  )  are 
the  fundamental  vacuum  initial  value  formulae  for  the  approximate  symmetry 
associated  with  the  Killing  vector  field  t  used  in  the  analysis  of  spiralling  binary 
black  holes  discussed  in  this  dissertation. 

2.3  Boundary  Conditions 

The  boundary  conditions  for  the  space-time  geometry  select  the  particu- 
lar solution  to  equation  (2.43).  In  the  spiralling  binary  black  holes  approxima- 
tion, these  boundary  conditions  are  specified  on  the  Cauchy  surface.    This  is 


24 
due  to  the  simplification  introduced  by  the  steady  state  symmetry.  The  spatial 
geometry  of  the  Cauchy  surface  chosen  for  the  binary  black  holes  consists  of 
three  separate  asymptotically  flat  regions  each  possessing  its  own  spatial  in- 
finity as  shown  in  Figure  2.  The  top  sheet  of  the  Cauchy  surface  contains  two 
black  holes  connected  to  the  two  lower  isolated  sheets  by  bridges  similar  to  the 
Einstein- Rosen  bridge  of  the  Schwarzschild  black  hole.37  This  differs  from  the 
inversion  symmetric  spatial  geometry  used  in  earlier  studies  which  consisted  of 
just  two  asymptotically  flat  regions.38  Unlike  the  inversion  symmetric  geome- 
try which  requires  that  boundary  conditions  be  placed  at  the  two  throats  of 
the  black  holes  as  well  as  at  the  two  spatial  infinities,  the  Cauchy  surface  hav- 
ing three  asymptotically  flat  regions  has  the  advantage  of  requiring  boundary 
conditions  only  at  the  three  spatial  infinities. 

The  conditions  on  initial  data  for  the  Cauchy  surface  which  guarantee 
asymptotic  flatness  were  found  by  Ashtekar  and  Hansen.39  In  a  coordinate 
component  manner  when  asymptotic  Euclidean  coordinates  are  used,  these 
conditions  on  the  initial  data  require  that  the  spatial  metric  of  the  hypersurface 
approach  the  flat  Euclidean  spatial  metric  in  the  following  limit 

lira  7/l„  =  fa  +  O(-)  (2.61) 

where  f^  is  the  flat  spatial  metric  of  Euclidean  geometry  and  r  is  the  ra- 
dial component  of  flat  spherical  coordinates.  The  components  of  the  extrinsic 
curvature  in  these  coordinates  must  approach  zero  at  least  as  fast  as 

lim  KpV  =  0(-s)  (2.62) 

r— +oo     r  rl 

and  the  Ricci  curvature  tensor  of  the  spatial  hypersurface  must  approach  zero 
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FIGURE  2:  Hypersurface  Topology  for  Binary  System  of  Black  Holes. 
A  space-like  slice  with  three  asymptotically  flat  regions,  one  on  each  sheet, 
connected  by  two  wormholes. 
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at  the  rate 

lim  Rnp  =  0(\)  (2.63) 

r— *oo  f«J 

or  faster  in  this  Euclidean  coordinate  system. 

For  a  space-time  manifold  which  is  asymptotically  flat   the  mass  and 

angular  momentum  of  the  geometry  is  found  using  two  dimensional  spherical 

surface  integrals  near  space-like  infinity.      The  mass  is  given  by  the  integral 

167rM;=    lim    iVuih^-f^h^AHn  (2.64) 

J >OOj  J 

where  huv  =  7^„  —  ful/,  and  Vj,  is  the  flat  derivative  operator.  The  linear 
momentum  is  given  by  the  surface  integral 

S*P?  =  ^lim    1{K^V  -  -fvK00)dSlv  (2.65) 

and  the  angular  momentum  is  given  by  the  surface  integral 

8tt Jf  =  pKm  j>  e^6i6{Kpv  -  /„#*  )dE,  (2.66) 

where  £P  is  the  axial  Killing  vector  field  at  each  spatial  infinity  and  e^  is  the 
total  anti-symmetric  tensor.  The  subscript  i  is  used  to  distinguish  each  of  the 
three  asymptotically  flat  regions  which  the  radial  coordinate  r  is  approaching 
in  the  above  limits. 

Finally,  the  Killing  vector  field  generated  by  imposing  the  time  symme- 
try on  the  space-time  geometry  is  inconsistent  with  the  exact  geometry  as  a 
result  of  the  gravitational  radiation,  as  already  pointed  out.  In  the  frame  of 
the  corotating  observers,  the  gravitational  radiation  must  have  standing  wave- 
forms at  large  radial  distances  from  the  binary  black  holes.  In  a  Euclidean 
background  geometry  gravitational  radiation  falls  off  as  1/r  and  has  an  energy 
density  which  falls  off  as  1/r2.  Thus  the  contribution  to  the  total  energy  from 
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large  radial  distances  is  divergent.  However,  if  the  amplitude  is  sufficiently 
small,  then  a  large  radial  value  rmax  can  be  found  such  that  the  contribution 
to  the  total  energy  from  the  gravitational  radiation  is  much  less  than  the  mass 
of  the  black  holes  and  rmax  is  sufficiently  distant  to  make  the  assumptions  of 
asymptotic  flatness  valid  in  the  Euclidean  sense.  This  does  mean  that  the  ini- 
tial data  is  being  satisfied  on  a  partial  Cauchy  surface  which  will  have  a  finite 
future  Cauchy  development  consistent  with  causality  and  the  Killing  vector 
field.  Outside  this  future  Cauchy  development  the  geometry  is  unspecified  and 
not  determined  by  the  initial  data.  Only  under  these  conditions  will  the  time 
symmetric  approximation  to  the  spiralling  binary  black  holes  be  sufficiently 
adequate. 


CHAPTER  3 
VARIATIONAL  PRINCIPLE  FOR  TOTAL  MASS 


Determination  of  the  variational  principle  for  the  mass  begins  with  the 
Hamiltonian  density  of  general  relativity 

nG  =  ^v%u-cG  (3.i) 

where  the  dot  over  the  spatial  metric  denotes  Lie  derivative  in  the  time  direc- 
tion 

7/i„  =  CtJuv  =  -2aA>  +  Dftfiv  +  DU0M  .  (3.2) 

The  conjugate  momentum  tensor  density  is  related  to  the  extrinsic  curvature 

by 

=  -V^(A'/--7^A-)  (3.3) 


uu  _  jjjAg 


and  the  Lagrangian  density  Cq  of  general  relativity  is  given  by 

£G  =  V/^R.  (3.4) 

The  Lagrangian  density  can  be  rewritten  in  terms  of  the  initial  value  formalism 
and  the  initial  data  of  the  hypersurface  by  using  the  following  relationships: 

y/^g  =  a^  (3.5) 

R  =  2(G^-RVv)n»nu  .  (3.6) 

Using  the  vacuum  Hamiltonian  constraint  equation  (2.45),  the  first  term  in 
(3.6)  becomes 

2G »vn»nv  =  R-  K^K^  +  K^KVV  .  (3.7) 

28 


29 

From  the  definition  of  the  Riemann  Tensor  the  second  term  in  equation  (3.6) 

can  be  evaluated, 

R^n"  =  RfMaifn^nv 

=  ^{VaVn  -  V^K  (3.8) 

=  K\K%  -  KyvKV"  -  V^Vvn*)  +  Vain^V^)  . 

The  last  two  terms  in  equation  (3.8)  are  total  divergences  and  will  be  dropped 

temporarily  since  they  result  in  surface  terms  which  will  be  described  later. 

Combining  equations  (3.5),  (3.6),  (3.7),  and  (3.8)  in  equation  (3.4)  gives  the 

Lagrangian  density  in  terms  of  the  initial  value  data 

£-G  =  a\/l(R  +  KnpKtJ,v  —  K^KVV)  +  neglected  divergences  .  (3.9) 

Finally  substituting  this  expression  for  the  Lagrangian  density  (3.9)  into  the 
Hamiltonian  density  (3.1)  along  with  equations  (3.2)  and  (3.3)  gives 

nG  =  -Sy[a(R  -  K^KV  +  K^KVV)  -  2/^D„(A'^  -  ^K%)\ 

(3.10) 
—  neglected  divergences 

where  all  divergent  terms  have  been  suppressed  until  later  discussion. 

The  Hamiltonian  is  given  by  the  integration  of  the  Hamiltonian  density 

(3.10)  over  the  three  dimensional  space-like  hypersurface  Sr 

EG=  [    HG.  (3.11) 


This  Hamiltonian,  using  the  Hamiltonian  density  of  equation  (3.10),  is  known 
to  be  correct  for  a  closed  universe  having  the  closed  hypersurface  Er.26  How- 
ever, when  the  space-time  geometry  is  asymptotically  flat  the  variation  ^H^;  of 
this  Hamiltonian  does  not  lead  to  Einstein's  field  equations.  In  order  to  correct 
this  shortcoming  the  Hamiltonian  in  equation  (3.10)  must  be  supplemented  by 
the  addition  of  surface  integrals  which  result  from  the  careful  treatment  of  the 
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previously  neglected  divergences.  In  a  geometry  with  asymptotic  flatness  this 
leads  to    * 

KE  =  RG  +  E  (3.12) 

where  E  is  given  by 

E=    lira    laVu{h^v -f^h^)^  .  (3.13) 

T — ►OOq    / 

Variations  8B.E  which  preserve  asymptotic  flatness  do  lead  to  Einstein's  field 
equations,  and  the  value  of  fi£  for  solutions  to  Einstein's  field  equations  is  E. 
From  equation  (2.64)  this  value  is  shown  to  be 

{KE}{6RE=0)  =  {£}(6H£=0)  =  IStMo  .  (3.14) 

Solving  equation  (3.14)  for  M0  gives  the  mass  of  the  system 

M°  =  li^  W=0)  =  i^{%  +  ^ W=0)  •  (3-15) 

Substituting  the  integrals  (3.13)  and  (3.11)  into  equation  (3.15)  produces  the 
equation  to  be  evaluated  in  a  variational  method  for  the  mass 

M0  =  -i-    lim    iaV^h^-f^h^)^ 
1D7T  r-+cc0  J  " '       p 

"  l(b  X   ^ [a{R  ~  KtivK>XV  +  *  W)  ~  WM*'"'  -  l^K%)\AV 

(3.16) 

where  V ' v  is  again  the  flat  derivative  operator  and  the  surface  integral  is  eval- 
uated at  the  shared  infinity  of  the  hypersurface. 

As  demonstrated  by  equation  (3.15),  6KE  =  0  must  be  satisfied  in  order 
for  Mo  to  be  the  mass  of  the  system  in  equation  (3.16).  To  study  the  variation 
of  H^-  consider  a  test  geometry  for  the  binary  black  holes  system  possessing 
the  time  symmetry  in  a  corotating  frame  as  described  by  the  steady  state 
approximation  and  characterized  by  the  initial  value  data,  a,  fl^,  K^v ',  and 
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7//i/  with  their  respective  infinitesimal  variations  6a,  6/3^,  8K^V,  and  Sj^. 

The  quantity  ^H^  is  given  by^ 
6EE  =  167r£Mo 


/ 


{Saiq  +  Wbh  +  SWMnv  +  *7/i4«,  b,  c,  dJ^JdV        (3.17) 


+  0.o8Jo  -  al8Ml  +  ft^Jj  -  a28M2  +  ^l28J2  ■ 
The  [J  denotes  linear  combinations  of  the  equation  numbers  (2.60a  )  through 

(2.60d  )  enclosed,  which  will  vanish  when  the  steady  state  equations  are  sat- 
isfied. The  6Jj's  represent  variations  in  the  angular  momentum  at  each  of  the 
three  asymptotically  flat  regions  of  the  hypersurface  Sr.  Similarly,  the  Q^s  are 
the  angular  frequencies,  and  the  <5Mj's  are  the  variations  in  masses  measured 
at  each  of  the  three  asymptotically  flat  regions. 

The  variational  principle  for  M0  can  now  be  described.  Given  a  trial 
geometry  on  the  hypersurface  Er  characterized  by  a,  01* ,  K^",  and  ^,lv  then 
any  arbitrary  infinitesimal  variations,  8a,  8(3^,  8K^U ,  and  8^^u  which  do  not 
change  the  total  angular  momentum  at  each  of  the  three  asymptotically  flat 
regions  of  Er  and  also  do  not  change  the  mass  at  the  two  asymptotically  flat 
regions  associated  with  the  interiors  of  the  binary  black  holes,  will  satisfy  the 
condition  8B.jp  =  0  for  trial  geometries  which  also  satisfy  the  steady  state 
equations.  The  total  mass  M0  is  an  extremum  since  it  satisfies  8M0  =  0.  This 
signifies  that  an  accurate  determination  of  the  total  mass  M0  can  be  obtained 
when  only  a  rough  estimate  of  the  geometry  is  available. 

Application  of  the  variational  principle  follows  as  such,  given  the  trial 
geometry  for  the  hypersurface,  evaluate  equation  (3.16)  throughout  the  pa- 
rameter space  of  the  classes  of  variations  preserving  the  restrictions  described 
above  for  the  extremum.  The  mass  of  the  system  is  given  by  this  extremum 
value.  An  error  of  order  0(e)  in  the  trial  geometry  will  produce  an  error  of 
order  O(e^)  in  the  extremum  value  of  the  total  mass  M0  for  the  geometry. 


CHAPTER  4 
TRIAL  GEOMETRIES 


The  trial  geometry  to  be  used  in  the  variational  principle  for  the  mass 
must  be  a  physically  reasonable  approximation  to  the  binary  black  hole  system. 
In  addition  the  meaning  of  asymptotically  fiat  must  be  made  precise  in  order 
that  the  surface  integrations  appearing  in  the  variation  of  the  Hamiltonian  of 
equation  (3.11)  vanish.  The  detailed  variation  of  7{q  is 


i 

Y    lim     /{2/3^7r^  +  (2/?<T7r^-^7r^)67^}dSp 
*—~  r,— ►oo;  J 


(4.1) 


where  the  two  surface  integrals  are  evaluated  at  each  of  the  three  asymptotically 
flat  regions  of  the  hyper  surf  ace  Sr.  The  terms  appearing  in  the  integrand  are 

H  =  ^^-\y„)2-K)  (4.2) 

which  is  proportional  to  the  Hamiltonian  constraint, 

Hp  =  -2DV*»  (4.3) 

which  is  proportional  to  the  momentum  constraint, 

A*"  =  a^{2^v  -  ^v-kvv)  +  7^Dp^  +  jWDp/3"  (4.4) 
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which  is  the  functional  derivative  of  the  Hamiltonian  with  respect  to  the  spatial 
metric  tensor  7^, 


Bpv  =  -ay/j(Rnv  -  -zlnvR)  +  -^-pzainu{^P^(Tp  -  ^%f) 


-  -jza(nltav',v  -  \*^Pp)  +  n/tP^q  ~  ^ulapBffDpa)         (4-5) 

+  DailT^pO)  -  (Da/3^%  -  (Dafi,,)*^ 
which  is  the  functional  derivative  of  the  Hamiltonian  with  respect  to  the  con- 
jugate momentum  tensor  density  7r^„,  and  the  super-metric 

Qpvap  _  tr^^a^vp  +  y/p^ff  _  2yt"/y<TP)  .  (4.6) 

The  particular  asymptotic  behavior  for  the  initial  data  necessary  to  apply 
the  Hamiltonian  (3.12)  and  the  variational  principle  for  the  mass  (3.16)  are 
given  for  the  spatial  metric  by  * 

Ipv  -  fnu  oc  -  ,  (4.7) 

and  the  gradient  of  the  metric  by  the  behavior 

1 
lpvt<r  oc  -J  •  (4.8) 

The  conjugate  momentum  tensor  density  has  the  asymptotic  behavior  given 
by 

Kfiu  =  -y/7(Kfiv  ~  l\xvKaa)  oc  -5  .  (4.9) 

The  lapse  function  has  the  asymptotic  behavior  given  by 

a  -  1  ex  -  ,  (4.10) 

r 

and  the  gradient  of  the  lapse  function  has  the  asymptotic  behavior 

1 


l> 


(4.11) 
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The  shift  vector  has  the  asymptotic  behavior  given  by 


V  oc  -  ,  (4.12) 


and  the  gradient  of  the  shift  vector  has  the  asymptotic  behavior 

(*",«  «  ^  •  (4-13) 

Where  the  r  for  each  behaves  as  the  Schwarzschild  radial  coordinate  in  the 
asymptotic  limit 


'x'  +  y*  +  z*.  (4.14) 

These  are  sufficient  specifications  on  the  asymptotic  behavior  of  the  geometry 
to  use  equation  (3.16)  as  a  variational  principle  for  the  mass. 

The  trial  geometry  should  also  approximate  several  limiting  cases  where 
analytical  results  can  be  used  as  a  bases  for  comparison.  These  limiting  cases 
consist  of  the  following  list  of  properties: 

•  At  each  of  the  three  distinct  infinities  of  the  Cauchy  surface  the  spa- 
tial geometry  must  be  asymptotically  flat  as  outlined  above  in  order  to 
guarantee  well  defined  masses,  linear  momenta,  and  angular  momenta. 

•  When  the  separation  between  the  two  black  holes  is  large,  the  geom- 
etry must  approach  the  superposition  of  two  boosted  black  holes  with 
arbitrary  velocities. 

•  For  very  small  black  hole  velocities  the  Hamiltonian  constraint  (2.60b  ) 
and  the  momentum  constraint  (2.60c  )  must  be  satisfied  by  the  geometry 
to  order  O(v^)  in  the  velocities. 

•  In  the  limit  that  one  of  the  masses  is  much  less  than  the  other,  the  test 
particle  limit,  the  analytic  results  for  geodesies  of  the  Schwarzschild  black 
hole  are  reproduced. 
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The  first  requirement  is  necessary  to  establish  well  defined  physical  quan- 
tities. The  second  and  third  requirements  are  consistent  with  special  relativity 
and  Newtonian  gravity.  The  last  requirement  allows  for  comparison  to  analytic 
results  of  general  relativity.  This  list  of  requirements  is  not  necessarily  com- 
plete, however  it  does  provide  a  reasonable  basis  of  test  for  the  trial  geometry. 
The  infinitesimal  line  element  for  the  four  dimensional  space-time  geom- 
etry is  given  by 

ds2  =  g^dx^dx"  .  (4.15) 

Once  the  four  dimensional  space-time  has  been  foliated  into  constant  r  space- 
like hypersurfaces  Er  as  previously  outlined  the  infinitesimal  line  element  in 
terms  of  the  lapse  function  a,  the  shift  vector  /?^,  and  the  three  dimensional 
spatial  metric  7^,  is  given  by 

ds2  =  -a2dt2  +  lvL.v{dx^  +  ptidt)(dxu  +  (3udt)  .  (4.16) 

The  form  of  the  spatial  metric  for  the  trial  geometry  in  a  coordinate  basis 
which  approaches  Cartesian  coordinates  in  the  asymptotic  limit  is  given  by 


lilvdx»dxv  =  ^(dx2  +  dy2  +  dz2)- 


u2(a2-^2)  +  v2(a2 2-V22) 


(1-u2)  (1-u2) 


dy2  . 

(4.17) 
The  functions  \&,  ip\ ,  ip2,  <*i,  and  a<i  are  chosen  to  make  the  spatial  metric  on 
the  hypersurface  Er  model  the  geometry  of  two  black  holes  in  circular  orbits, 
with  asymptotic  boundary  conditions,  as  close  as  possible.  They  are  defined 
in  the  trial  geometry  by 


m\        mo 

*  =  1  +  ^T  +  ^T  (4-18) 

2Pl       2p2 


where  mj  and  m^  are  the  masses  of  the  two  black  holes  as  measured  on  the  up- 
per (shared)  sheet  of  the  hypersurface  Sr,  also  p\  and  p%  are  radial  measures  of 


3C 

distance  from  each  black  hole  given  by  the  relationships  to  the  quasi-Cartesian 

coordinates 

2 

Pl2  =  (x  -  x0l)2  +  -JL-B  +  z2  (4.19) 

1  —  v.* 

and 

2 

p22  =  (x  -  x02  )2  +  -JL-  +  z2  (4.20) 

1  —  vz 

where  xQl  and  u  are  the  position  along  the  x-direction  and  3-velocity  of  the 
black  hole  of  mass  m\ ,  and  the  x02  and  v  are  the  position  along  the  x-direction 
and  3-velocity  of  the  black  hole  of  mass  m2-    The  functions  t^\  and  x\)2  are 

chosen  to  be 

2 
mi  momi 

^  =  1  +  ^  +  2,(,n/+W)  (4'21) 

and 

2 
mo  m\mf) 

V>2  =  1  +  tt^  +  — ; — o  a  (4-22) 

2P2       25(m22  +  4/>24)  V        ; 

where  s  is  the  separation  between  the  two  black  holes  and  is  given  by 

s  —  i0j  —  Xo2  .  (4.23) 

The  functions  a\  and  a 2  are  chosen  to  be 

V        2P1(1+^)J  /  m2m]         \2 

"1  =  "7 ■**-?    1  + o  x  (4-24) 

l  +  nS^U        2,(m12  +  4^)>/ 

and 

A rn2        \ 

In  addition  the  shift  vector  /?  and  the  lapse  function  a  are  needed  in  order 
to  specify  the  four  dimensional  space-time  metric  g^.    The  lapse  function  a 
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provides  a  measure  for  the  rate  of  proper  time  over  the  hypersurface  Er  and 
is  chosen  to  be 


2?2' 


+ 


+ 


1  + 


rn\ 


2M1+S 


)( 


1  + 


2^2(1  +  ^) 


^-t^^i'-V'i4)-!^^2-^4: 


i  + 


m2 
Is 


1  + 


'"2 


2     2 
m1V2Z 


2-(l  +  SV   Vm1V  +  4p1 


(4.26) 


mi 
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1  + 


?;?! 


2     2 
m2Vi 


2^(1  +  ^)/    \mjp*  +  lpi 


1  - 


2     2 


2     2 
m2Vi 


2„  2 


2.  2 


^  +  4^       mfpf  +  4p2 


The  arbitrary  spatial  shift  vector  f3  is  chosen  to  co-rotate  each  point  on  the  hy- 
persurface Er  with  the  orbiting  black  holes.  In  this  quasi-Cartesian  coordinate 
system  the  shift  vector  has  components  given  by 


0X  =  -( 


1  + 


;)(■ 


2     2 

hP2 


2  2     2 

i   (;  ^X-r7T7-l))«y  (4-27a) 


0»  =  Qx  + 


1  —  u2     ni^Pi   +  4/>j4  1  —  v2     m22/>12  +  4/924 


(4.27b) 


(*4-A(V-V)-A(-22-V'24)) 

fiz  =  0  .  (4.27c) 


The  quantity  ft  appearing  in  the  components  of  the  shift  vector  j3  is  the  orbital 
angular  frequency  of  the  black  holes  and  is  given  by 


ft  == 


(4.28) 


The  Christoffel  symbols  are  needed  in  order  that  the  covariant  derivative 
and  the  scalar  curvature  for  the  spatial  geometry  can  be  calculated.  The 
covariant  Christoffel  symbols  are  derived  from  the  spatial  metric  using 


_  1  (djjw      dlpb  _  divl 
»»&      2 1  dx*        dx»        d. 


-) 
/'  / 


(4.29) 
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By  having  a  diagonal  spatial  metric,  these  take  on  a  particularly  simple  form: 


Jx~ 
ldjXi 


i-  xxx  —  n    n  yt.ov) 

2   ox 


TXxy  —  Fxyx  —  -     „  (4-31, 

1  d~fxx 
i  xxz  =  -I-  xzx  =  o- ^  (4.32J 


2   dz 

Idjfyy 

2  dx 


Lxyy  -       0    Q_  (l-OO J 


r^j/2  =  Txzy  =  0  (4.34) 


2  dx 
1^7£x 
2    dy 


i- yxx  —       n     Q  (4.obj 


ryxy  —  Tj/^  —  2~q^~  (4-37) 

Tj/xz  =  lyzx  =  0  (4.38) 

r     -i^Tw  f43qi 

lyyy  -  2  0y  (i-oyj 

r       _r       _  l^Tyy  ,44n, 

i-  y?/2  -  1  j/zt/  -  9 -qJ-  (1.1UJ 

r-xy  =  r2yx  =  o  (4.43) 

J-  2X2    —   i  22X    —    n      ~  11.HJ 


2   dar 

2  & 

1^72 

2    <9y 

1^72: 

2     #2 


p  _         *  gjW  /44r^ 

1  zyy  —     r>   n_  1,1.10 j 


iV  =  r,2y  =  ^  (4.46) 


(4.47) 
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The  contravariant  Christoffel  symbols  are  given  by 

r/i     =  1    no (<h™  +  ?2si_?M)  (4  48) 

"*      27     V  dx*>        dx*       dx* )  {       ' 

which  also  are  rather  simple  expressions  when  the  spatial  metric  is  diagonal: 

(4.49 


rx  1     <hxx 

XX       2lxx    dx 

1     d-jXi 


■px      pa; 

XV  ~  V*    ~    27xx      dy 

■px      _  rx      _       1      dlxx 
1   xz       L    zx        o.  r> 

2jxx    Oz 

1      37J/2, 


rx    =  - 

yy  2lxx    dx 

tx   =rx   =o 

1  yz      L  ~y      u 
rx  1    dlzi 


27xx    dx 


ry      _ 1     d~fxx 

*■     XX    —  r,  a 

rv     -ry     -     l    ^lyy 
*v  ~     y*  ~  2lyy  dx 

ryxz  =  ryzx  =  o 

vy  I    <hyy 

yy  ~  272/2/  dy 


ry    =  ry 


1        Djyy 


y*--~y-2lyy  3Z 

pi     = L^2££ 

2-fyy   dy 

rz  1     dlxx 

2lzz    8z 

Tz     =TZ     =0 
xy  yx       " 

zx       2lzz   dx 

vz  1    dfyy 

yy  2lzz    dz 


4.50 
4.51 
4.52 
4.53 
4.54 
4.55 

4.56 

4.57 
4.58 

4.59 

4.60 

4.61 
4.62 
4.63 

4.64 
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rz    =  r2    =    1  dlzz  (4.65) 

2jzz   dz 
The  covariant  derivative  D^  is  defined  using  these  Christoffel  symbols. 

As  an  example,  consider  the  gradient  of  a  second  rank  mixed  tensor  T  Q 

D"T  «  =  l&r  +  TV«  +  r^  ■  (4"67) 

Other  applications  of  the  covariant  derivative  follow  from  this  example  with 
the  exception  that  the  gradient  of  a  scalar  function  is  merely 

D,«  =  jgj  .  (4.6S) 

All  of  which  is  in  agreement  with  the  standard  definitions  of  differential  geom- 
etry. 

The  scalar  curvature  R  also  is  derivable  from  the  spatial  metric  of  the  hy- 
persurface  Sr  and  will  be  required  for  the  variational  principle.  For  a  diagonal 

metric  of  the  form 

/7m       0        0   \ 

7/U>  =  0  fyy  0  (4.69) 

V  o      o    lzz) 

such  as  the  spatial  metric  for  the  hypersurface  Er  of  equation  (4.17),  the  scalar 
curvature  becomes  the  relatively  modest  expression 

ft*         &*         !£m         £!m         &£         fr 

jl  _        oyoy UzUz ~&xdx ~&zdz UxUx oyoy 

(ixxlyy)       [ixxlzz)       {ixxlyy)       {lyylzz)       (ixxlzz)        (lyylzz) 

(MO       (%*%*)   .   (9frnfr)   i   (%*%*) 


+  7^ ^7  +  777 ^7  + 


i^lxxlxxlyy)       i^lxxlxxlzz)       (2fxxfyyJyy)       {^lyylyylzz) 

(dyiZdy„\  (djZ!dj:A  /0£*0%]A  (dy^dyzz} 

ox     ox  J  \  dy     dy  J  \ox     ox  J  \  dx     ox  J 


+  77—  ~  :  +   ~---  -"--■  '-:    +■  ~r -'-■}■ 


(^Ixxlzzlzz)        (2lyylzzlzz)        {2~fxxlxxlyy)        (^Ixxlxxlzz) 

(gHjg)     (»»)     (%*&)  ,  (%-%) 

i^lxxlyylyy)        i^lxxlyylzz)        (^Ixxlyylzz)        (^Ixxlzzlzz) 

(^%Q  ,  (>%Q  ,  (&%Q 

(27^x71/2/  7*z)        (^lyylyylzz)       i^lyylzzlzz) 

(4.70) 
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which  results  from  a  computation  similar  to  that  of  the  Dingle  formula.42 
Actually,  a  simplification  exist  for  the  spatial  metric  of  equation  (4.17)  since 
there  the  *yxx  and  jZ2  components  are  equal.  However,  this  simplification  was 
not  used  to  its  full  advantage  in  the  application  of  the  variational  principle  and 
will  be  left  out  here. 

The  complete  set  of  initial  data  for  the  hypersurface  Sr  requires  in  ad- 
dition to  the  spatial  metric  7^,  the  lapse  function  a,  and  the  shift  vector  fi" , 
that  the  extrinsic  curvature  K^  be  defined  as  given  by  equation  (2.22).  How- 
ever, this  is  a  rather  complicated  expression  when  applied  to  the  trial  geometry 
above.  In  the  variational  method  outlined,  only  a  reasonable  approximation  to 
the  extrinsic  curvature  is  needed.  Consider  the  linear  superposition  of  the  ex- 
trinsic curvatures  associated  with  two  separate  boosted  black  holes. The  space- 
time  geometry  for  a  single  black  hole  in  isotropic  spherical  coordinates  is  given 
by  the  infinitesimal  line  element31 

ds2  =  -4>2  +  *L(^L  +  PisodB2  +  pl0d<j>2)  (4.71) 


where 


and 


^  'I  Pi  so  > 


*«o  =  (l+^-).  (4.73) 

"Piso 
The  isotropic  radial  coordinate  piso  is  related  to  the  Schwarzschild  radial  co- 
ordinate rgcfl  by 

rSch 


(I  +  2-— J  Piso-  (4.74) 


-Piso' 
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By  making  a  Lorentz  transformation  on  this  metric  the  infinitesimal  line 

element  for  a  single  boosted  black  hole  is  obtained.    For  the  quasi-Cartesian 

coordinates  it  is  found  to  be 

„2     _  ..2,ti4 


(4.75) 


with  the  position  of  the  boosted  black  hole  given  by 

yBBiI(t)  =  yol+vt  (4.76) 

where  v  is  the  boost  velocity  of  the  black  hole  and  y0l  is  the  coordinate  offset 
of  the  black  hole  from  the  origin  along  the  y  axis.  In  order  to  put  a  spatial 
slice  of  this  geometry  into  the  moving  frame  of  reference,  introduce  the  new 
set  of  coordinates 

t  =  t'  (4.77a) 

x  =  x  (4.77c) 

y  =  y'  +  vt  (4.77b) 


(4.77d) 


Then  the  infinitesimal  line  element  is  given  by 


$4     -  v2a? 

ISO  ISO 

+(%^)K+(if5iK 

+  *i0(dx'2  +  dz'2). 


(4.78) 


ISO  ISO 


Comparison  of  this  infinitesimal  line  element  to  the  general  form  for  infinitesi- 
mal line  elements  given  by  equation  (4.15)  leads  to  the  definition  of  the  square 
of  the  lapse  function  A\BH  for  the  single  boosted  black  hole 
o  (1  -  u2)q?    ^ 

A  2  _    V  x  'ISO       ISO 


'■BBH 


»])4      _  t,2a2 

ISO  ISO 


(4.79) 
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The  definition  of  the  shift  vector  is  found  to  be 


t^^^I^U  (4.80, 


BBHdx»       U*     ~v2a?    Jdy' 

v       ISO  ISO'         " 

And  the  spatial  metric  7^H,  given  by  the  three  dimensional  infinitesimal  line 
element  becomes 


tfj 


,2^2 


T**"dx»dx"  =  *i0(dx'2  +  dz'2)  +  {is\_Vv2iso)dy'2  (4.81) 

which  agrees  with  the  spatial  slice  of  the  boosted  black  hole  geometry  given  in 
equation  (4.75).  This  boosted  black  hole  geometry  will  be  used  to  construct  an 
adequate  extrinsic  curvature  tensor  for  the  binary  black  holes'  geometry.  The 
extrinsic  curvature  for  this  boosted  black  hole  geometry  is  given  by 

2ABBHK™H  =  -Ctl™H  +  C0y™B  •  (4-82) 

In  the  comoving  frame  the  first  term  vanishes 

UlB™  =  0  .  (4.83) 

Thus  the  extrinsic  curvature  for  the  boosted  black  hole  geometry  becomes 

9  A  T.'BBH   _    f     nBBH 

Odd  (4-84) 

_    Off        -Z--BBH     ,        BBH_¥_a<T  ,        BBH  _^_  a<T 

lJBBll  qxc   IfiU        T  7(7//       Qx/i  h>BBH   T  7//<7       g^  ^BBH    • 

In  order  to  generate  the  extrinsic  curvature  for  the  binary  black  holes 
geometry  consider  the  two  separate  geometries  for  two  independent  boosted 
black  holes,  one  with  boost  velocity  u  offset  from  the  origin  by  x0l  along  the 
x  axis  and  the  second  with  boost  velocity  v  offset  from  the  origin  by  x02  along 
the  x  axis.  The  extrinsic  curvature  is  then  approximated  by 

K^  =  Kitll/  +  K2flly  ,  (4.85) 
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where  K\^u  and  Ky^v  are  constructed  by  comparison  with  the  boosted  black 
hole's  extrinsic  curvature  given  in  equation  (4.84).  The  difference  is  that  in 
the  place  of  the  isotropic  lapse  function  and  conformal  factor  alS0  and  \&JS0 
appearing  in  the  expression  for  the  boosted  black  hole's  extrinsic  curvature 
are  placed  the  functions  ctj,  a2  and  ?/q,  V>2  °f  the  binary  black  holes  given  by 
equations  (4.24),  (4.25),  (4.21),  and  (4.22).  In  addition  the  shift  vector  of  the 
boosted  black  hole  (3BBH  is  replaced  by  the  shift  vector  of  the  binary  black 
holes  with  components  given  by  equations  (4.27a  )  through  (4.27c  ).  Once  this 
analogy  is  complete,  the  extrinsic  curvature  for  the  binary  black  holes  geometry 
has  the  following  components: 


Kxx  =  K\xx  +  I^2x 

dp\  d-yTX        „._    d, 


-l»    ,   ™*&*S5  (4.86) 


2\/*V  2^^ 


Kyy  =  Klyy  +  K2yy 

24^yy  (4.87) 


2V/^ 


Kzz  =  K\zz  +  Kr2zz 

=  UQ^^f-  +  va*%}lfc  (4.88) 
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KXy  =  Kyx  =  Klxy  +  ^2xy 


*4  dx  \dpi         2-yyy   J  (4.89) 

V\l  ^  dx  \dp2         2lyy 


'yz  =  Kzy  =  K\yz  +  I\2yz 

Fryydpi  fdct\  _  Ql"^f 
WV*4   dz  \dpi  ~    2lyy   )  (4.90) 

+  »1 


fly~y~dp2  fda-2  _  Q27^ 
*4    dz   \dp2     '     llyy 


Kxz  =  Kzx  =  I<ixz  +  Klxi 
=  0  . 


(4.91) 


The  masses  associated  with  this  trial  geometry  for  each  of  the  three 
asymptotically  flat  regions  of  the  spatial  hypersurface  Sr  are  given  by  evalu- 
ating the  integral  of  equation  (2.64).  On  the  top  sheet  which  contains  both 
black  holes,  the  value  of  the  total  mass  is  found  to  be 

When  solving  for  the  masses  at  each  of  the  bottom  sheets  of  the  hypersurface, 
the  trial  geometry  must  be  evaluated  in  the  limit  that  p\  and  p-j  approach 
zero.  The  value  of  the  masses  associated  with  each  of  these  bottom  sheets  are 
referred  to  as  irreducible  masses,  and  are  found  to  be 

"iw^Wl  +  S!^  (4.93) 


46 
for  the  asymptotically  flat  region  containing  only  the  one  black  hole  located  at 
£e>] ,  and 

M2i„_„,=m2(l  +  ^(L^!))  (4.94, 

for  the  asymptotically  flat  region  containing  only  the  one  black  hole  located  at 
Xq2  .  The  variable  s  is  the  separation  between  the  two  holes.  It  is  the  irreducible 
masses  which  must  be  fixed  in  value  for  the  purpose  of  comparing  neighboring 
geometries  in  the  variations  of  the  Hamiltonian  of  equation  (3.16). 

The  linear  momentum  for  each  sheet  of  the  hypersurface  is  defined  by 
equation  (2.65).  Evaluated  on  the  top  sheet,  the  magnitude  of  the  total  linear 
momentum  for  this  trial  geometry  is  given  by 

p'-'  =  7f^  +  7T^-  (4'95) 

The  total  linear  momentum  can  freely  be  chosen  to  have  the  value 

Ptotal  =  0  (4.96) 

restricting  the  frame  of  reference  to  the  center  of  mass  frame.  Then  the  value 
of  the  second  velocity  v  is  restricted  by  the  value  of  the  first  velocity  u  though 

the  constraint 

mlu  m.2V 

V  1  —  V?  vl  —  V* 

The  values  of  the  linear  momenta  as  measured  on  each  of  the  bottom  two  sheets 
of  the  hypersurface  are  both  zero. 

The  Angular  momentum  for  each  sheet  of  the  hypersurface  is  defined  by 
equation  (2.66).  Again  evaluated  on  the  top  sheet,  the  magnitude  of  the  total 
angular  momentum  for  this  trial  geometry  is  given  by 

mlUx0l        m2vx02 

Jt0tal-7r^  +  7T^-  (4-98) 
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The  values  of  the  angular  momenta  as  measured  on  each  of  the  bottom  two 
sheets  of  the  hypersurface  are  both  zero. 

These  equations  taken  in  combination  provide  a  single  parameter  for  the 
variational  principle  as  follows.  Select  a  choice  of  irreducible  masses  for  the  two 
black  holes  M\irreducibU  and  M2irreducihle  along  with  a  choice  of  the  total  angular 
momentum  Jfotal  f°r  the  geometry,  the  above  equations  (4.93),  (4.94),  (4.95), 
and  (4.98)  provide  self  consistent  values  for  the  velocities  u  and  v,  the  masses 
of  the  two  black  holes  on  the  top  sheet  of  the  hypersurface  mj  and  m<i,  and 
the  positions  along  the  x-axis  x0]  and  lo,,  given  any  value  for  the  separation 
s  between  the  two  black  holes.  The  correct  value  of  the  separation  for  these 
values  of  irreducible  masses  and  total  angular  momentum  is  found  by  numerical 
application  of  the  variational  method  for  the  Hamiltonian  of  equation  (3.16) 
on  a  computer. 

A  concise  algorithmic  description  of  the  numerical  code  applied  to  a  uni- 
versal Turing  machine  consists  of  the  following:43 

•  Choose  an  interesting  set  of  values  for  the  irreducible  masses  and  total 
angular  momentum  along  with  a  reasonable  estimate  for  the  separation 
between  the  two  black  holes.  This  estimate  may  be  found  through  ap- 
plication of  Newtonian  mechanics,  post-Newtonian  analysis,  or  the  test 
particle  limit  of  the  Schwarzschild  geometry. 

•  Evaluate  equation  (3.16)  over  a  sufficiently  large  region  of  three  dimen- 
sional hypersurface  Sr  to  cover  all  three  sheets  of  the  slice  out  to  their 
respective  asymptotically  flat  regions.  Note  that  the  surface  integral  in 
equation  (3.16)  can  actually  be  evaluated  analytically  for  this  trial  ge- 
ometry and  has  the  value  of  (—QJtotal)- 
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•  Use  the  results  of  the  evaluation  of  equation  (3.16)  in  an  extremizing 
algorithm  which  efficiently  alters  the  value  of  the  separation  between  the 
two  black  holes  to  a  value  corresponding  to  the  minimum  or  maximum 
value  of  the  Hamiltonian  of  equation  (3.16).    This  value  of  the  Hamil- 
tonian  is  the  mass  of  the  binary  black  hole  system  and  the  separation 
provides  the  best  trial  geometry  to  the  system. 
In  practice  the  procedure  is  much  more  complex  as  a  result  of  the  limitations  of 
modern  computer  programming  languages.  The  actual  numerical  procedure  is 
in  the  form  of  a  C  program,  a  programming  language  not  often  used  in  physics 
but  one  of  the  least  limited  in  terms  of  flexibility.    The  C  program  has  been 
extensively  tested  where  comparisons  to  analytically  known  results  apply  and 
performs  admirably. 


CHAPTER  5 
NUMERICAL  RESULTS 


5.1  Test  Particle  Geometry 


In  the  limit  that  one  of  the  black  hole's  mass  approaches  zero,  the  trial 
geometry  used  in  the  variational  principle  should  reproduce  the  results  obtain- 
able from  the  test  particle  geodesies  of  the  Schwarzschild  geometry.  In  this  test 
particle  limit,  the  trial  geometry  does  not  satisfy  the  steady  state  equations, 
(2.60a  )  through  (2.60d  ),  nevertheless  the  numerical  results  in  this  limit  are 
remarkably  accurate. 

The  test  particle  geodesies  are  analytically  derivable,  and  can  easily  be 
expressed  in  a  concise  functional  form.  Since  the  constraints  on  the  trial  ge- 
ometry of  equation  (4.17)  restrict  the  motion  of  the  two  black  holes  to  circular 
orbits  of  fixed  radial  separation,  only  the  analytic  results  for  the  test  particle 
in  circular  orbits  about  a  Schwarzschild  black  hole  will  be  applicable  for  com- 
parison in  this  limit.  The  analytic  expressions  for  orbital  equations  of  motion 
about  a  Schwarzschild  black  hole  are  found  using  the  following  set  of  coupled 
differential  equations  in  the  usual  Schwarzschild  coordinates  of  (r,  #,  <f>): 
dr\2       /£x2 


ir)    =1™,J    -V'"(r)  (5-1' 


where  the  effective  potential  Vejj(r)  is  given  by 

Jtotal    |       ' 

(5.2) 


2M\  (        (&**\2\ 


1+  v    J 


\  ) 
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also 


^=iM-  (5.3) 

and 

#  =  7   (")        .  (5.4) 

The  equation  (5.1)  though  (5.4)  together  can  be  solved  for  motion,  r(r),  </>(r) 
and  i(r)  for  a  test  particle  of  mass  m  orbiting  a  Schwarzschild  black  hole  of 
mass  M  with  particle  energy  E  and  total  angular  momentum  Jtotai-  In  general, 
the  equation  for  r(r)  involves  an  elliptic  integral.  However,  by  restricting 
considerations  to  the  circular  orbits  which  satisfy 

dr 


rfr,=0.  ,0.3. 

the  solution  for  r(r)  becomes  simple.  The  circular  orbits  are  found  by  setting 

dVeff(r) 


dr 


0  .  (5.6) 


Thus  the  square  of  the  energy  per  test  particle  mass  equals  the  effective  po- 
tential 

|)2  =  ^/M-  (5.7) 

Figure  3  illustrates  (Ve//)2  for  several  values  of  JXotaljmM.  Differentiating  the 
effective  potential  with  respect  to  the  radius  leads  to  the  expression  for  the 
radius  of  the  circular  orbits 

Mr2-[^\    r  +  3M^]     =0.  (5.8) 

Equation  (5.8)  has  two  solutions  for  the  radii  of  the  circular  orbits.  The  outer 
radial  solutions,  shown  in  Table  1,  correspond  to  stable  circular  orbits,  while 
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the  inner  radial  solutions,  shown  in  Table  2,  correspond  to  unstable  circular  or- 
bits. Finally,  there  are  no  circular  orbits,  stable  or  unstable,  for  a  test  particle 
with  J  total  <  2y/3mM,  a  result  which  does  not  appear  in  Newtonian  considera- 
tions. Combining  equations  (5.7)  and  (5.8),  the  following  relationships  for  the 
total  angular  momentum  and  energy  are  derived 


M 

Jt°tal  =  mr^7^3M  (5"9) 

m(r  -  2M) 
E=     /         =L  .  (5.10 

y/r(r  -  ZM) 

The  equations  of  motion  (5.1)  through  (5.4)  also  provide  the  following  expres- 
sions for  the  tangential  velocity 

and  the  angular  frequency 

as  measured  by  an  observer  at  infinity.  Circular  orbits  exist  down  to  radii  of 
3M.  But  stable  circular  orbits  exist  only  for  radii  greater  than  6M  in  these 
Schwarzschild  coordinates. 

The  binding  energy  per  unit  mass  of  a  test  particle  in  the  innermost 
stable  orbit  at  r  =  6M  is  given  by 

^^l=('^l)=1.(iyK  5.7191%.  (5.13) 

This  percentage  of  the  rest-mass  energy  of  the  particle  is  available  for  emission 
in  the  form  of  gravitational  radiation  as  the  particle  slowly  spirals  in  from  an 
initial  state  of  rest  at  infinity  inward  to  the  innermost  stable  circular  orbit  at 
r  =  6M. 


52 


TABLE  1:  Stable  Circular  Analytical  Test  Particle  Orbits 

Jtotal 

rsch/M 

Piso/M 

E/rn 

£M/l 

v<t> 

3.46f 

6.0000 

4.9495 

0.94280904 

0.06S0414 

0.5000 

3.50 

7.0000 

5.9580 

0.94491118 

0.0539949 

0.4472 

3.85 

10.6453 

9.6193 

0.95830523 

0.0287914 

0.3401 

4.00 

12.0000 

10.9772 

0.96225045 

0.0240563 

0.3162 

4.50 

16.5876 

15.5716 

0.97167430 

0.0148210 

0.2618 

5.00 

21.5139 

20.5017 

0.97776736 

0.0100213 

0.2264 

5.50 

26.8730 

25.8633 

0.98201155 

0.0071784 

0.2005 

6.00 

32.6969 

31.6891 

0.98511216 

0.0053486 

0.1805 

6.50 

39.0000 

37.9934 

0.98745695 

0.0041059 

0.1644 

7.00 

45.7897 

44.7841 

0.98027822 

0.0032274 

0.1511 

7.50 

53.0703 

52.0655 

0.99072367 

0.0025S66 

0.1399 

$.00 

60.8444 

59.8402 

0.99189151 

0.0021070 

0.1304 

8.50 

69.1138 

68.1102 

0.99284942 

0.0017404 

0.1221 

9.00 

77.8798 

76.8766 

0.99364540 

0.0014550 

0.1148 

9.50 

87.1430 

86.1401 

0.99431433 

0.0012293 

0.1084 

10.00 

96.9042 

95.9016 

0.99488211 

0.0010483 

0.1026 

Note:  Units  with  G 
t Actual  value  of  jtota, 


Jtotai/mM  is  2s/Z. 


TABLE  2:  Unstable  Circular  Analytical  Test  Particle  Orbits 

Jtotal 

rsch/M 

Piso/M 

E/m 

SIM\ 

+ 

3.46J 

6.0000 

4.9495 

0.942S0904 

0.06S0414 

0.5000 

3.50 

5.2500 

4.1903 

0.94561086 

0.0831306 

0.5547 

3.85 

4.1772 

3.0965 

0.98181765 

0.1171314 

0.6777 

4.00 

4.0000 

2.9142 

1.00000000 

0.1250000 

0.7071 

4.50 

3.6624 

2.5649 

1.06732488 

0.1426781 

0.7756 

5.00 

3.4861 

2.3811 

1.14159110 

0.1536336 

0.8203 

5.50 

3.3770 

2.2667 

1.22039216 

0.1611404 

0.8522 

6.00 

3.3036 

2.1889 

1.30239038 

0.1665S08 

0.8760 

6.50 

3.2500 

2.1328 

1.38675049 

0.1706770 

0.8944 

7.00 

3.2103 

2.0908 

1.47291437 

0.1738502 

0.9090 

7.50 

3.1798 

2.0583 

1.56049136 

0.1763645 

0.9207 

8.00 

3.1556 

2.0326 

1.64910827 

0.1783936 

0.9302 

8.50 

3.1361 

2.0119 

1.73882411 

0.1800567 

0.9381 

9.00 

3.1202 

1.9949 

1.82920807 

0.1814379 

0.9448 

9.50 

3.1070 

1.9808 

1.92022523 

0.1825981 

0.9505 

10.00 

3.0958 

1.9690 

2.01177698 

0.1835827 

0.9553 

Note:  Units  with  G  -- 
f  Actual  value  of  jtotal 


c  =  1. 
=  Jtotai  I mM  is  2n/3. 
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FIGURE  3:  Analytical  Effective  Potential  for  Test  Particle.  Stable  cir- 
cular orbits  are  located  at  the  minima.  Unstable  circular  orbits  are  located 
at  the  maxima.  No  orbits  exist  for  </,„,„,  <  2>/3mM,  where  Jtotal  is  the  total 
angular  momentum,  m  is  the  mass  of  the  test  particle  and  M  is  the  mass  of 
the  black  hole.  The  dotted  line  locates  the  positions  of  the  numerically  derived 
stable  circular  orbits. 
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This  is  one  of  the  most  efficient  mechanisms  in  nature  for  converting 
mass  into  energy.  The  burning  of  nuclear  fuel  in  the  cores  of  stars  is  only  0.9% 
efficient  as  hydrogen  is  combined  to  form  iron.  Such  efficiency  is  a  major 
reason  for  studying  black  holes  as  a  source  of  gravitational  radiation  and  as 
candidates  for  high  energy  compact  objects. 

By  taking  the  black  hole  of  mass  m\  to  be  the  more  massive  black  hole 
and  the  black  hole  of  mass  r»2  to  be  the  less  massive  black  hole  in  the  trial 
metric,  then  a  relationship  between  the  analytical  results,  for  a  test  particle 
in  circular  orbit  about  a  Schwarzschild  black  hole,  to  the  numerical  results  for 
the  variation  method,  requires  the  following  identifications: 

M  =  Mi.      .    .„  (5.14) 

'■irreducible  V  / 

m  =  M2irreducMe  •  (5.15) 

In  addition  the  coordinates  used  in  the  analytical  analysis  are  Schwarzschild 
coordinates,  (r,  8,  <f>).  The  trial  metric  is  expressed  in  isotropic  coordinates 
(p,9,<f>).  The  two  radial  coordinates  are  related  through  equation  (4.74).  Tak- 
ing these  factors  into  account,  the  numerical  results  for  black  hole  masses  of 
■WIj...*  ~u    =  1-00,  and  Mo.      .    ...    =  0.01,  can  be  used  to  benchmark  the  trial 

^irreducible  '  ^irreducible  ' 

geometry  with  a  test  particle  orbiting  a  Schwarzschild  black  hole.  The  values 
of  mi  and  7??.  2  appearing  in  equation  (4.92)  are  summarized  in  Table  3  for 
these  values  of  irreducible  masses  along  with  the  total  mass  Mtotai  defined  by 
equation  (4.92)  and  the  extreme  value  of  the  mass  returned  by  the  variational 
principle. 

Table  4  provides  a  list  of  numerical  results  which  can  be  compared  to  the 
analytic  results  of  Table  1.  In  Table  4  the  quantity  jtoial  is  the  total  angular 
momentum  divided  by  the  mass  of  each  black  hole,  5  is  the  separation  between 
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TABLE  3:  Numerical  Test  Particle  Masses 

Jtotal 

mi 

m2 

Mtotal 

Ea 

3.85 

0.99940862 

0.00940862 

1.01000214 

1.009565079 

4.00 

0.99052198 

0.00952198 

1.00986509 

1.009612864 

4.10 

0.99957026 

0.00957026 

1.00983177 

1.009638584 

4.20 

0.99960644 

0.00960644 

1.00981706 

1.009661131 

4.33 

0.99963959 

0.00963959 

1.00981405 

1.009686699 

4.40 

0.99965838 

0.00965838 

1.00981109 

1.009699110 

4.50 

0.99968070 

0.00968070 

1.00981099 

1.009715259 

4.60 

0.99969985 

0.00969985 

1.00981313 

1.009729954 

4.80 

0.99973405 

0.00973405 

1.00981890 

1.009755968 

5.00 

0.99976203 

0.00976203 

1.00982694 

1.009777992 

6.00 

0.99984429 

0.00984429 

1.00987175 

1.009852113 

7.00 

0.99988955 

0.00988955 

1.00990319 

1.009893937 

8.00 

0.99991788 

0.00991788 

1.00992474 

1.009919656 

0.00 

0.99993595 

0.00993595 

1.00994011 

1.009937049 

10.00 

0.99994865 

0.00994865 

1.00995125 

1.009949368 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.01  M\. 

All  masses  in  units  of  the  irreducible  mass  M\. 
EQ  is  the  extremized  mass. 


TABLE  4:  Numerical  Stable  Circular  Test  Particle  Orbits 

Jtotal 

s/Mi 

(E0-Mi)/M2 

QMi 

u+ 

V* 

3.85 

7.950 

0.9565079 

0.0581753 

0.00485 

0.4576 

4.00 

9.955 

0.9612864 

0.0394575 

0.00402 

0.3888 

4.10 

11.130 

0.9638584 

0.0326053 

0.00369 

0.3592 

4.20 

12.200 

0.9661131 

0.0279352 

0.00344 

0.3374 

4.33 

13.368 

0.96S6699 

0.0240683 

0.00324 

0.3185 

4.40 

14.132 

0.9699110 

0.0219325 

0.00311 

0.3068 

4.50 

15.155 

0.9715259 

0.0195468 

0.00297 

0.2933 

4.60 

16.153 

0.9729954 

0.0176149 

0.002S5 

0.2817 

4.80 

18.296 

0.9755968 

0.0143674 

0.00262 

0.2602 

5.00 

20.506 

0.9777992 

0.0119365 

0.00244 

0.2423 

6.00 

31.606 

0.9852113 

0.0060513 

0.00190 

0.1894 

7.00 

44.764 

0.9893937 

0.0035240 

0.00156 

0.1562 

8.00 

60.380 

0.9919656 

0.0022150 

0.00133 

0.1324 

9.00 

77.556 

0.9937049 

0.0015107 

0.00116 

0.1160 

10.00 

96.875 

0.9949368 

0.0010760 

0.00103 

0.1032 

Note:  Units  with  G  =  c  =  1,  and  M2  =  O.OlMi. 
M\  and  M2  are  irreducible  masses. 
E0  is  the  extremized  mass. 


5G 

the  black  holes,  ^ — \j — —  is  the  energy  per  mass  of  the  less  massive  black  hole,  ft 
is  the  angular  frequency,  u^  is  the  tangential  velocity  of  the  more  massive  black 
hole  and  v?  is  the  tangential  velocity  of  the  less  massive  black  hole.  The  most 
obvious  difference  in  the  test  particle  tables  is  the  limiting  value  of  Jtotai/mM. 
The  numerical  results  have  no  stable  circular  orbits  for  J  total  <  3.85mM  which 
is  roughly  11%  larger  than  the  analytic  limit.  A  comparison  of  the  energy 
per  mass  of  the  particle  with  angular  momentum  Jtotai  —  3.85mM  reveals  a 
difference  of  0.2%  between  the  analytical  and  numerical  results.  However,  the 
binding  energy  per  mass  for  the  numerical  result  is  4.35%,  while  the  analytic 
result  is  4.17%.  This  translates  into  a  4.3%  difference  in  the  percentage  of 
rest-mass  energy  available  for  the  emission  of  gravitational  radiation  between 
the  two  results. 

Using  the  Hamiltonian  of  equation  (3.16)  as  the  effective  potential  energy, 
a  series  of  curves  can  be  generated  which  locate  the  stable  circular  orbits  as 
their  minima.  The  numerically  derived  effective  potentials  for  several  values  of 
Jtotai  I mM  are  illustrated  in  Figure  4.  For  a  fixed  value  of  angular  momentum 
the  variational  principle  provides  the  extremum  of  mass  to  second  order  in 
accuracy,  while  providing  the  position  of  the  extremum  only  to  first  order.  Thus 
the  numerical  results  for  the  extremized  mass  are  most  accurately  presented 
as  functions  of  the  angular  momentum  as  shown  in  Figure  5. 

5.2  Equal  Mass  Geometry 

When  the  two  black  holes  are  of  comparable  masses,  no  analytic  solutions 
exist  for  circular  orbits.  The  form  chosen  for  the  trial  geometry  does  reduce 
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1.0105     — 


FIGURE  4:  Numerical  Effective  Potential  for  Test  Particle.  Stable  cir- 
cular orbits  are  located  at  the  minima.  Maxima  were  not  found  with  this  trial 
geometry.  No  orbits  exist  for  Jtota,  <  3.85MiM2:  where  Jtotal  is  the  total  angu- 
lar momentum  and  Mi  and  M2  are  the  irreducible  masses  of  the  black  holes. 
The  position  of  the  analytic  stable  circular  orbits  for  a  test  particle  orbiting  a 
Schwarzschild  black  hole  are  represented  by  the  dotted  line. 


58 


o.oo    — 


-0.01 


■0.02    — 


w 


■0.03 


-0.04    — 


-0.05 


FIGURE  5:  Binding  Energy  of  Numerical  Test  Particle.  The  binding 
energy  per  mass  of  the  smaller  black  hole  (E0  -  M\  -  M2)/M2  for  the  sta- 
ble circular  orbits  is  plotted  against  jtotal  =  Jtota, j \M\M^  for  the  case  of 
M2  =  O.OlMj  where  M\  and  M2  are  the  irreducible  masses.  The  dotted  line 
represents  the  stable  circular  orbits  for  the  analytic  test  particle. 
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to  the  time  symmetric  solution  for  any  separation  when  the  speeds  of  the  two 
black  holes  approach  zero.  In  addition,  when  the  separation  is  very  large 
the  trial  geometry  reduce  to  two  boosted  black  holes  having  arbitrarily  large 
speeds.  The  trial  geometry  will  not  be  exact  in  any  other  limits.  Still,  the 
numerical  solutions  can  be  compared  to  Newtonian  calculations,  as  well  as, 
post-Newtonian  calculations. 

A  Newtonian  binary  system  of  two  point  masses,  mj,  and  ni^,  in  circular 
orbits,  move  about  their  common  center  of  mass  under  the  influence  of  the 
Newtonian  gravitational  force 

F  =  — 2 — ri2  ■  (5.16) 

This  is  in  units  with  the  universal  gravitational  constant  G  =  1,  and  the  speed 
of  light  c  =  1.  Next  introduce  two  new  mass  variables,  the  total  mass 

Mto1al  =  mi  +  m2  (5.17) 

and  the  reduced  mass 

(mi  +m,2) 
Then  the  Newtonian  expression  for  the  separation  between  the  two  point 

masses  in  circular  orbits  is  given  by 

s»  =  ^jf- =  jL,Mt0<al  (5.19) 

where  Jtotai  1S  the  total  angular  momentum  of  the  binary  system.   The  scaled 
angular  momentum  jtoiai  is  related  to  the  total  angular  momentum  by 

Jtotai  =  jtotai(nMtotal)  =  jtotai{mim2)  .  (5.20) 

The  total  energy  of  the  binary  system  of  point  masses,  including  the  rest  mass 
energy  of  the  two  masses,  is  given  by 

u  M  a 

EN  =  Mtotal  -  M9     '°'a'  =  Mtotal  -  -£-  .  (5.21) 
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FIGURE  6:  Single  Parameter  Newtonian  Circular  Orbits.  The  binding 
energy  per  reduced  mass  as  a  function  of  separation  per  total  mass.  A  single 
curve  describes  all  possible  Newtonian  orbits  in  terms  of  one  parameter,  the 
scaled  total  angular  momentum  j total- 
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An  interesting  result  occurs  when  the  following  rescaling  is  performed: 

(En  -  Mtotal)  =         1 
P  '      Via, 


(5.22) 


TT-'ii-.  (5-23) 

When  equation  (5.22)  is  plotted  as  a  function  of  equation  (5.23),  a  single  curve 
results  which  represents  all  possible  stable  circular  orbits  of  a  binary  system  in 
Newtonian  mechanics,  as  shown  in  Figure  6. 

The  post-Newtonian  approximation  developed  out  of  a  study  of  the  equa- 
tions of  motion  in  a  gravitational  system  described  by  general  relativity.  The 
equations  of  motion  in  general  relativity  are  given  by  the  geodesic  equation, 

where  r  is  the  proper  time.  The  coordinate  accelerations  can  be  derived  from 
equation  (5.24)  and  are  found  to  be 


(fix1  :  „_.■     dxi       „;     dxi  dxk 

-^  -  -r  oo  -  ~r  0j—  -  r  jk-^-^ 


o     ,  oro    dxj     ro    dxj  dxk  i  dx% 


(5.25) 


where  the  indices  i,  j,  and  k  range  over  the  spatial  coordinates.   In  the  New- 
tonian limit  all  velocities  in  equation  (5.25)  are  neglected,  leading  to 

d2xi  ~     r*      ~  1nijd900  „      M 

-W-T™*29  HxT*-7^  (5"26) 

where  the  M  and  the  r  are  the  relevant  mass  and  separation  in  a  Newtonian 

binary  system.    For  a  Newtonian  system  the  relevant  velocity  v  is  related  to 

the  potential  energy  by 

vl  =  —  .  (5.27) 

r 


62 
Thus  in  the  Newtonian  limit  the  accelerations  given  in  equation  (5.26)  are 
calculated  to  order  I  y-  j .  The  post-Newtonian  approximation  carries  the  cal- 
culation of  the  accelerations  to  one  higher  order  in  v  ,  that  is  to  order  I  y- 1 . 
The  order  to  which  the  connection  coefficients  in  equation  (5.25)  must  be  de- 
termined can  simply  be  read  off.  The  metric  is  then  expressed  as  a  correction 
to  a  flat  background  metric  using  an  expansion  series  of  terms  in  powers  of  v  . 
The  equations  of  motion  derived  in  the  post-Newtonian  approximation 
can  be  integrated  for  a  binary  system  of  point  masses  and  an  effective  po- 
tential energy  constructed  in  terms  of  the  separation  r  (in  the  Einstein- Inf eld- 
Hoffmann  gauge)  and  total  angular  momentum  Jtotai 

&PN{r,  Jt0tal)  -  —2  -  „  4 

"f  r  8M'oto,//  r  (5.28) 

J?otal{3Mtetal  +  n)      nM?otal 

2/ir3  2r2 

where  the  masses  /j,  and  MtoXa\  are  given  by  equations  (5.18)  and  (5.17).  For 
given  masses  and  angular  momentum,  the  stable  circular  orbits  are  found  by 
solving  for  the  zeros  of  the  first  derivative  with  respect  to  r  of  equation  (5.28) 
that  also  correspond  to  a  positive  second  derivative  with  respect  to  r  of  equa- 
tion (5.28).  It  is  interesting  to  notice  that  the  post-Newtonian  approximation 
also  has  the  feature  of  an  innermost  stable  circular  orbit  which  is  determined  by 
simultaneously  solving  for  the  zeros  of  the  first  and  second  derivatives  with  re- 
spect to  r  in  equation  (5.28).  For  the  case  of  equal  masses  the  innermost  stable 
circular  orbit  is  found  at  a  total  angular  momentum  of  Jtotal  ~  4.2876/iAf(0(a, 
and  a  separation  of  s  «  IO.SIMj.  The  binding  energy  for  this  orbit  is  found 
to  be  0.85%  of  the  total  rest  mass  energy  available  when  the  two  masses  are 
infinitely  far  away  and  at  rest.  These  features  of  the  post-Newtonian  effective 
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FIGURE  7:  Post-Newtonian  Effective  Potential  for  Equal  Masses.  Stable 
circular  orbits  are  located  at  the  minima.  Unstable  circular  orbits  are  located 
at  the  maxima.  No  orbits  exist  for  Jtoia,  less  than  %  4.2876//Mtc,(<3,.  The  dotted 
line  locates  the  numerically  derived  stable  circular  orbits. 
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potential  energy  are  illustrated  in  Figure  7  for  several  different  values  of  the 
total  angular  momentum  Jtotai  in  the  case  of  two  equal  masses. 

Since  the  post- Newtonian  approximation  is  only  valid  when  the  speed  of 
the  particles  are  very  small  compared  to  the  speed  of  light,  the  closer,  faster, 
unstable  circular  orbits  will  be  less  accurately  determined  by  this  approxima- 
tion. Consequently,  they  will  not  be  compared  to  numerical  findings. 

The  numerical  results  of  Table  5  for  two  black  holes  of  equal  masses  reveal 
several  interesting  features.  There  is  an  innermost  stable  circular  orbit  found 
at  a  total  angular  momentum  of  Jtolal  «  0.84A/iA/2-  This  is  a  considerably 
smaller  value  of  angular  momentum  then  that  of  the  innermost  stable  orbit  in 
the  post-Newtonian  approximation.  However,  the  Newtonian  approximation 
has  stable  orbits  for  any  non-zero  angular  momentum.  This  innermost  stable 
circular  orbit  for  the  numerical  results  is  located  at  a  separation  of  s  ~  \.\ZM\. 
The  binding  energy  of  this  orbit  is  17.18%  of  the  total  rest  mass  energy  available 
when  the  two  masses  are  infinitely  far  away  and  at  rest.  This  is  very  close  to 
the  binding  energy  of  17.72%  of  the  total  rest  mass  energy  that  a  Newtonian 
calculation  would  give  for  this  angular  momentum. 

The  numerical  results  also  reveal  unstable  circular  orbits  inside  the  sep- 
aration for  the  innermost  stable  circular  orbit.  The  position  of  these  unstable 
circular  orbits  have  not  been  determined  accurately  since  the  binary  system  is 
undoubtedly  evolving  rapidly  through  the  emission  of  gravitational  radiation. 

The  Hamiltonian  of  equation  (3.16)  provides  an  effective  potential  energy 
for  the  circular  orbits  whereby  stable  circular  orbits  are  located  at  the  minima 
and  unstable  circular  orbits  are  located  at  the  maxima.  Figure  8  illustrates 
these  effective  potential  energy  curves  for  the  case  of  equal  mass  black  holes 
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TABLE  5:  Numerical  Stable  Circular  Orbits  for  Equal  Masses 

jtoial 

s/Mi 

mi /Mi 

Mto1.,/Mi 

Eo/Mi 

UMX 

u* 

0.84 

1.13 

0.750692 

2.112751 

1.65639436 

1.24503 

0.7036 

0.85 

1.19 

0.758342 

2.083652 

1.66172030 

1.15255 

0.6857 

0.90 

1.37 

0.778896 

2.036690 

1.68478020 

0.93910 

0.6442 

1.00 

1.65 

0.803998 

2.014120 

1.72181645 

0.73036 

0.6022 

1.30 

2.40 

0.849706 

2.014870 

1.79884909 

0.44733 

0.5372 

1.50 

2.92 

0.870195 

2.021581 

1.83490281 

0.34885 

0.5088 

1.60 

3.19 

0.878814 

2.024294 

1.85005175 

0.31138 

0.4961 

2.00 

4.39 

0.906376 

2.029113 

1.89737083 

0.20483 

0.4493 

2.20 

5.10 

0.917466 

2.027682 

1.91514164 

0.16690 

0.4255 

2.40 

5.93 

0.927455 

2.023912 

1.92995159 

0.13496 

0.4000 

2.50 

6.40 

0.932149 

2.021233 

1.93638889 

0.12067 

0.3863 

2.60 

6.93 

0.936684 

2.018113 

1.94223806 

0.10735 

0.3719 

2.70 

7.52 

0.941086 

2.014625 

1.94753545 

0.09489 

0.3566 

3.00 

9.78 

0.953514 

2.003297 

1.96042452 

0.06264 

0.3063 

3.25 

12.38 

0.962574 

1.995479 

1.96819869 

0.04252 

0.2632 

3.50 

15.58 

0.969822 

1.990978 

1.97390342 

0.02896 

0.2256 

3.70 

18.46 

0.974295 

1.989377 

1.97738415 

0.02182 

0.2015 

3.85 

20.76 

0.977015 

1.988904 

1.97952878 

0.01796 

0.1864 

4.00 

23.17 

0.979301 

1.988813 

1.98136239 

0.01499 

0.1736 

4.29f 

28.03 

0.982772 

1.989208 

1.98421423 

0.01097 

0.1538 

4.50 

31.83 

0.984767 

1.989725 

1.98589822 

0.00893 

0.1421 

5.00 

41.46 

0.988223 

1.991108 

1.98890032 

0.00584 

0.1211 

6.00 

64.00 

0.992307 

1.993452 

1.99255313 

0.00294 

0.0941 

7.00 

89.72 

0.994488 

1.995088 

1.99463499 

0.00174 

0.0782 

8.00 

119.82 

0.995861 

1.996194 

1.99594383 

0.00112 

0.0669 

9.00 

153.86 

0.996771 

1.996972 

1.99682134 

0.00076 

0.0586 

10.00 

191.87 

0.997408 

1.997537 

1.99744007 

0.00054 

0.0522 

11.00 

234.32 

0.997875 

1.997958 

1.99789326 

0.00040 

0.0470 

12.00 

279.93 

0.998220 

1.998280 

1.99823532 

0.00031 

0.0429 

13.00 

330.06 

0.998490 

1.998532 

1.99850003 

0.00024 

0.0394 

14.00 

383.90 

0.998701 

1.998733 

1.99870910 

0.00019 

0.0365 

15.00 

441.98 

0.998871 

1.998895 

1.99887737 

0.00015 

0.0340 

17.50 

604.56 

0.999174 

1.999187 

1.99917726 

0.00010 

0.0290 

20.00 

791.59 

0.999369 

1.999377 

1.99937114 

0.00006 

0.0253 

Note:  Units 
t  Actual  val 


with  G  - 
ue  of  jtol. 


c=  1,  M2  = 
=  J,.,.,/M 


Mi ,  rri2  =  mi ,  and 
M2  is  4.287597023. 
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FIGURE  8:  Numerical  Effective  Potential  for  Equal  Mass  Black  Holes. 
Stable  circular  orbits  are  located  at  the  minima.  Unstable  circular  orbits  are  lo- 
cated at  the  maxima.  No  orbits  exist  for  Jtotal/M\M2  <  0.84,  where  JiotaX  is  the 
total  angular  momentum  and  M\  =  M^  are  the  irreducible  masses  of  the  black 
holes.  The  position  of  the  Newtonian  stable  circular  orbits  are  represented  by 
the  dotted  line. 
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FIGURE  9:  Numerical  Binding  Energy  of  Equal  Mass  Black  Holes.  The 
binding  energy  per  total  mass  (E0  -  Mi  -  Mi)l{M\  +  My)  of  two  black  holes 
in  stable  circular  orbits  is  plotted  against  the  angular  momentum  jtotal  = 
Jtotail{M\M2)  for  the  equal  mass  case  M<i  =  M\.  The  dotted  line  represents 
the  Newtonian  approximation.  The  dashed  line  represents  the  post-Newtonian 
approximation. 
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for  several  values  of  total  angular  momentum  Jtotai-  Since  the  extremized  mass 
is  more  accurately  determined  as  a  function  of  the  angular  momentum,  it  is 
useful  to  compare  the  numerical  binding  energy  derived  from  the  variational 
principle  of  the  stable  circular  orbits  as  a  function  of  total  angular  momentum 
to  the  values  obtained  in  the  Newtonian  and  post-Newtonian  approximations 
as  illustrated  in  Figure  9  and  cataloged  in  Table  6. 

A  summary  of  the  results  for  stable  circular  orbits  found  by  the  three 
different  methods,  Newtonian,  post-Newtonian,  and  numerical  for  equal  mass 
black  holes  are  presented  for  comparison  in  Table  6.  At  the  largest  tabulated 
value  of  the  scaled  angular  momentum,  jiotai  =  20,  the  binding  energies  of 
the  three  methods  are  within  ~  0.6%  of  each  other.  In  addition,  the  post- 
Newtonian  and  numerical  results  are  within  ~  0.03%  of  each  other.  Excluding 
the  Newtonian  value,  the  separations  between  the  two  black  holes  are  within 
~  0.04%  for  this  large  a  value  of  jtoiai-  When  the  compared  to  the  New- 
tonian separation,  they  differ  by  substantially  larger  amounts.  This  results 
partially  from  the  difference  in  the  gauges.  It  can  be  shown  that  the  post- 
Newtonian's  Einstein-Hoffmann-Infeld  gauge  relates  to  the  Newtonian  gauge 
for  equal  masses  by 

rPN  = ^ r  (5.29) 

PN       (2rN  +  17M)  V        ; 

where  M  is  the  mass  of  a  single  black  hole.  '  This  accounts  for  most  of  the 

discrepancies  at  large  values  oi  jtotal.  In  addition  all  expressions  for  the  radial 

separation  approach  each  other  at  very  large  values  of  jtotai-    To  provide  an 

example  of  what  is  meant  by  very  large  values  of  jtotah  the  planet  Mercury 

orbits  the  Sun  with  roughly  jtotai  ~  3100.  This  is  at  a  separation  of  s  «  9.6  x  10" 

solar  mass  units.  Yet  relativistic  effect  are  observable  for  Mercury. 
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TABLE  6:  Comparison  of  Stable  Circular  Orbits  for  Equal  Masses 

Newtonian 

Post-Newtonian 

Numerical 

jtot.l 

s/Mi 

Es.^JM, 

s/Mi 

EB,„d,„g/Ah 

s/M, 

EB.ndinJM1 

0.80 

1.28 

0.3906250 

0.84 

1.41 

0.3543084 

1.13 

0.3436056 

0.85 

1.45 

0.3460208 

1.19 

0.3382797 

0.90 

1.62 

0.3086420 

1.37 

0.3152198 

1.00 

2.00 

0.2500000 

1.65 

0.2781836 

1.30 

3.38 

0.1479290 

2.40 

0.2011509 

1.50 

4.50 

0.1111111 

2.92 

0.1650972 

2.00 

8.00 

0.0625000 

4.39 

0.1026292 

2.50 

12.50 

0.0400000 

6.40 

0.0636111 

3.00 

18.00 

0.0277778 

9.78 

0.0395755 

3.50 

24.50 

0.0204082 

15.58 

0.0260966 

4.00 

32.00 

0.0156250 

23.17 

0.0186376 

4.29f 

36.77 

0.0135992 

19.81 

0.0170059 

28.03 

0.0157858 

4.50 

40.50 

0.0123457 

27.72 

0.0147733 

31.83 

0.0141018 

5.00 

50.00 

0.0100000 

39.14 

0.0113541 

41.46 

0.0110997 

6.00 

72.00 

0.0069444 

62.42 

0.0075077 

64.00 

0.0074469 

7.00 

98.00 

0.0051020 

88.96 

0.0053850 

89.72 

0.0053650 

8.00 

128.00 

0.0039063 

119.25 

0.0040653 

119.82 

0.0040562 

9.00 

162.00 

0.0030864 

153.43 

0.0031830 

153.86 

0.0031787 

10.00 

200.00 

0.0025000 

191.55 

0.0025622 

191.87 

0.0025599 

11.00 

242.00 

0.0020661 

233.63 

0.0021080 

234.32 

0.0021067 

12.00 

288.00 

0.0017361 

279.70 

0.0017654 

279.93 

0.0017647 

13.00 

338.00 

0.0014793 

329.74 

0.0015004 

330.06 

0.0015000 

14.00 

392.00 

0.0012755 

383.78 

0.0012911 

383.90 

0.0012909 

15.00 

450.00 

0.0011111 

441.81 

0.0011229 

441.98 

0.0011226 

17.50 

612.50 

0.0008163 

604.36 

0.0008226 

604.56 

0.0008227 

20.00 

800.00 

0.0006250 

791.90 

0.0006287 

791.59 

0.0006289 

Note:  Units 
f  Actual  val 


with  G 
ue  of  jtol 


c=l,  M2  =  Mi 
=  J,o,.,/MiM2 


Empty  cells  are  jlola,  without  orbits, 
is  4.287597023. 
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Comparisons  of  the  smaller  values  of  jtotai  in  Table  6  are  restricted  by  the 
innermost  stable  circular  orbit  of  the  post-Newtonian  approximation  at  jtotai  * 
4.2876.  At  this  value  of  the  scaled  angular  momentum,  the  numerical  binding 
energy  differs  from  the  post-Newtonian  value  by  ~  7.5%.  While  the  same 
numerical  binding  energy  differs  from  the  Newtonian  value  by  ~  14%.  However, 
the  separations  show  deviations  by  as  much  as  ~  30%  among  individual  entries 
at  this  particular  value  of  jtotai- 

By  the  time  the  scaled  angular  momentum  has  fall  just  below  the  value 
of  jtotai  ~  4.0,  at  a  separation  of  s  «  23M\,  the  binary  system  satisfies  the 
angular  momentum  constraints  of  a  Kerr  black  hole,  Jtotai  <  Mtotal.  The  total 
angular  momentum  is  now  small  enough  for  the  two  black  holes  to  coalesce 
into  one  black  hole. 

5.3  Arbitrary  Mass  Ratios 

When  the  irreducible  masses  are  comparable  but  not  equal,  the  only 
analytic  checks  that  can  be  made  on  the  numerical  results  involve  the  same 
approximations  as  in  the  equal  masses  case.  Tables  7  through  22  list  results 
for  irreducible  mass  ratios  ranging  from  0.005  to  0.75.  All  mass  ratios  were 
found  to  have  innermost  stable  orbits.  These  innermost  stable  circular  orbits 
will  not  satisfy  the  restrictions  placed  on  the  secular  time  scale  except  in  the 
test  particle  limit.  Thus  the  exact  location  for  these  innermost  stable  circular 
orbit  have  not  been  determined  for  these  tabulate  mass  ratios.  However,  the 
tables  do  present  several  other  interesting  features.  The  smallest  value  of  the 
scaled  total  angular  momenta  presented  rise  abruptly  from  a  mass  ratio  of  0.02 
to  the  mass  ratio  of  0.01  used  for  the  test  particle  comparisons.  This  reflects 
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TABLE  7:  Numerical  Masses  for  Mass  Ratio  0.005 

Jtotat 

mi 

mi 

Mtotal 

E0 

3.85 

0.99969653 

0.00469653 

1.00501470 

1.004780601 

4.00 

0.9997582$ 

0.00475828 

1.00493453 

1.004805138 

4.50 

0.99983888 

0.00483888 

1.00490563 

1.004856914 

5.00 

0.99987994 

0.00487994 

1.00491333 

1.004888482 

6.00 

0.99992221 

0.00492221 

1.00493539 

1.004925707 

7.00 

0.99994448 

0.00494448 

1.00495136 

1.004946719 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.005Mi. 

All  masses  in  units  of  the  irreducible  mass  M\. 
E0  is  the  extremized  mass. 


TABLE  8:  Numerical  Orbits  for  Mass  Ratio  0.005 

Jtotat 

a/Mi 

(E0-Mi)/M2 

SIMi 

J 

v<t> 

3.85 

7.736 

0.9561202 

0.060S471 

0.00249 

0.46820 

4.00 

9.840 

0.9610275 

0.0401259 

0.00203 

0.39281 

4.50 

15.014 

0.9713828 

0.0198039 

0.00150 

0.29584 

5.00 

20.320 

0.9776964 

0.0120916 

0.00123 

0.24447 

6.00 

31.633 

0.9S51414 

0.0060107 

0.00095 

0.18919 

7.00 

44.528 

0.9893438 

0.0035434 

0.00079 

0.15700 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.005Mi. 
M\  and  M2  are  irreducible  masses. 
E0  is  the  extremized  mass. 
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TABLE  9:  Numerical  Masses  for  Mass  Ratio  0.02 

Jtotal 

mi 

rn.2 

Mtotal 

E0 

2.75 

0.99521115 

0.01521115 

1.03379608 

1.015516061 

3.00 

0.99591166 

0.01591166 

1.03120167 

1.016760196 

3.25 

0.99646441 

0.01646441 

1.02935342 

1.017763075 

3.50 

0.99710462 

0.01710462 

1.02667011 

1.018555245 

3.70 

0.99813953 

0.01813953 

1.02192645 

1.019007721 

3.85 

0.99887718 

0.01887718 

1.01990598 

1.019143988 

4.00 

0.99906465 

0.01906465 

1.01971587 

1.019235831 

5.00 

0.99952583 

0.01952583 

1.01965901 

1.019560807 

6.00 

0.99969351 

0.01969351 

1.01974529 

1.019707186 

7.00 

0.99978101 

0.01978101 

1.01980834 

1.019789455 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.02Mi- 

All  masses  in  units  of  the  irreducible  mass  Mi. 
E0  is  the  extremized  mass. 


TABLE  10:  Numerical  Orbits  for  Mass  Ratio  0.02 

Jtotal 

s/Mi 

Eunding  1  M\ 

QMi 

u* 

t,* 

2.75 

1.581 

0.0044S39 

0.6018193 

0.03494 

0.91628 

3.00 

1.93S 

0.0032398 

0.4749567 

0.03107 

0.88941 

3.25 

2.320 

0.0022369 

0.3837010 

0.02810 

0.86214 

3.50 

2.945 

0.0014448 

0.2836760 

0.02383 

0.81166 

3.70 

4.866 

0.0009923 

0.1351638 

0.01523 

0.64246 

3.85 

8.397 

0.0008560 

0.0531325 

0.00918 

0.43696 

4.00 

10.182 

0.0007642 

0.0381970 

0.00786 

0.38104 

5.00 

20.580 

0.0004392 

0.0119706 

0.00486 

0.24149 

6.00 

32.118 

0.0002928 

0.0059197 

0.00374 

0.18639 

7.00 

45.153 

0.0002105 

0.0034982 

0.00310 

0.15485 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.02A/!. 
Mi  and  M2  are  irreducible  masses. 
.Eo  is  the  extremized  mass. 
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TABLE  11:  Numerical  Masses  for  Mass  Ratio  0.03 

Jtotal 

mj 

m2 

Mtota, 

E0 

2.00 

0.98931792 

0.01931792 

1.06138741 

1.016584626 

2.50 

0.90265326 

0.02265326 

1.04785160 

1.022291645 

3.00 

0.99451994 

0.02451994 

1.04264424 

1.025799245 

3.25 

0.99534476 

0.02534476 

1.04000908 

1.027071996 

3.50 

0.99629503 

0.02629503 

1.03640449 

1.028055840 

3.70 

0.99784213 

0.02784213 

1.03074025 

1.028552262 

3.85 

0.99837031 

0.02837031 

1.02978813 

1.028734445 

4.00 

0.99862660 

0.02862660 

1.02955457 

1.028867896 

5.00 

0.99929551 

0.02929551 

1.02949354 

1.029347856 

6.00 

0.99954520 

0.02954520 

1.02962145 

1.029565115 

7.00 

0.99967752 

0.02967752 

1.02971454 

1.029687245 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.03M!. 

All  masses  in  units  of  the  irreducible  mass  M\ . 
EQ  is  the  extremized  mass. 


TABLE  12:  Numerical  Orbits  for  Mass  Ratio  0.03 

Jtotal 

s  Mi 

E binding  / M\ 

QMi 

u* 

V* 

2.00 

0.895 

0.0134154 

1.1498122 

0.06764 

0.96094 

2.50 

1.530 

0.0077084 

0.6253444 

0.04931 

0.90771 

3.00 

2.225 

0.0042008 

0.4026169 

0.04064 

0.85516 

3.25 

2.710 

0.0029280 

0.3150749 

0.03613 

0.81757 

3.50 

3.535 

0.0019442 

0.2201997 

0.02980 

0.74871 

3.70 

6.437 

0.0014477 

0.0844748 

0.01728 

0.52652 

3.85 

8.690 

0.0012656 

0.0503511 

0.01331 

0.42424 

4.00 

10.408 

0.0011321 

0.0370075 

0.01155 

0.37361 

5.00 

20.777 

0.0006521 

0.0118638 

0.00722 

0.23927 

6.00 

32.467 

0.0004349 

0.0058513 

0.00555 

0.18443 

7.00 

46.000 

0.0003128 

0.0034044 

0.00457 

0.15204 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.03 A^. 
M\  and  M2  are  irreducible  masses. 
E0  is  the  extremized  mass. 
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TABLE  13:  Numerical  Masses  for  Mass  Ratio  0.05 

Jtotal 

mj 

rr%2 

Mtotal 

Eo 

2.00 

0.98618288 

0.036182S8 

1.07469S54 

1.032107290 

2.50 

0.98959226 

0.03959226 

1.06913405 

1.039332489 

3.00 

0.99216046 

0.04216046 

1.06402802 

1.044097928 

3.25 

0.99343593 

0.04343593 

1.06047468 

1.045815044 

3.50 

0.99510707 

0.04510707 

1.05491658 

1.047080584 

3.70 

0.99681013 

0.04681013 

1.05033803 

1.047672297 

3.85 

0.99741997 

0.04741997 

1.04950343 

1.047946351 

4.00 

0.99779170 

0.04779170 

1.04921957 

1.048157502 

5.00 

0.99885167 

0.04885167 

1.04916977 

1.048934558 

6.00 

0.99925833 

0.04925833 

1.04938034 

1.049289185 

7.00 

0.99947298 

0.04947298 

1.04953321 

1.049488741 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.05Mi. 

All  masses  in  units  of  the  irreducible  mass  M\. 
Eo  is  the  extremized  mass. 


TABLE  14:  Numerical  Orbits  for  Mass  Ratio  0.05 

Jtotal 

a/Mi 

Ebindinq/Ml 

ftAfl 

J 

v^ 

2.00 

1.291 

0.0178927 

0.7622651 

0.07S29 

0.90599 

2.50 

1.882 

0.0106675 

0.4919043 

0.06696 

0.85894 

3.00 

2.66S 

0.0059021 

0.3210902 

0.05658 

0.80005 

3.25 

3.287 

0.0041850 

0.2436785 

0.04970 

0.75124 

3.50 

4.587 

0.0029194 

0.1491445 

0.03831 

0.64579 

3.70 

7.314 

0.0023277 

0.0684667 

0.02537 

0.47539 

3.85 

9.166 

0.0020536 

0.0464748 

0.02105 

0.40494 

4.00 

10.797 

0.0018425 

0.0351909 

0.01856 

0.36140 

5.00 

21.246 

0.0010654 

0.0115760 

0.01178 

0.23417 

6.00 

33.183 

0.0007108 

0.0057129 

0.00905 

0.18052 

7.00 

46.912 

0.0005113 

0.0033378 

0.00746 

0.14912 

Note:  Units  with  G  =  c  =  1,  and  Af2  =  0.05A/]. 
M\  and  Mi  are  irreducible  masses. 
.Eo  is  the  extremized  mass. 
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TABLE  15:  Numerical  Masses  for  Mass  Ratio  0.10 

Jtotal 

m\ 

mi 

Mtotal 

E0 

1.50 

0.96942701 

0.06942701 

1.13189937 

1.055075030 

2.00 

0.97766857 

0.07766857 

1.12568338 

1.072392655 

2.50 

0.98301146 

0.08301146 

1.12164905 

1.083307383 

3.00 

0.98746657 

0.08746657 

1.11471227 

1.090556404 

3.25 

0.98984134 

0.08984134 

1.10917634 

1.093062048 

3.50 

0.99270186 

0.09270186 

1.10230585 

1.094788009 

3.70 

0.99447404 

0.09447404 

1.09944393 

1.095656279 

3.85 

0.99530621 

0.09530621 

1.09867516 

1.096130421 

4.00 

0.99590759 

0.09590759 

1.09834592 

1.096512528 

5.00 

0.99781730 

0.09781730 

1.09S40SS9 

1.097968995 

6.00 

0.99858302 

0.09858302 

1.09881713 

1.098643511 

7.00 

0.99S9947S 

0.09899478 

1.09910846 

1.099023876 

Note:  Units  with  G  =  c  =  1,  and  M2  =  O.lOMi- 

All  masses  in  units  of  the  irreducible  mass  M\. 
EQ  is  the  extremized  mass. 


TABLE  16:  Numerical  Orbits  for  Mass  Ratio  0.10 

Jtotal 

s/Mi 

Ebinding  1  M\ 

Q.M\ 

u^ 

v+ 

1.50 

1.101 

0.0449250 

0.9359655 

0.13920 

0.89103 

2.00 

1.700 

0.0276073 

0.5611091 

0.11946 

0.83452 

2.50 

2.402 

0.0166926 

0.3693877 

0.10531 

0.78184 

3.00 

3.446 

0.0094436 

0.2302418 

0.08783 

0.70549 

3.25 

4.377 

0.0069380 

0.1626380 

0.07480 

0.63706 

3.50 

6.305 

0.0052120 

0.0903454 

0.05583 

0.51377 

3.70 

8.501 

0.0043437 

0.0543652 

0.04372 

0.41843 

3.85 

10.105 

0.0038696 

0.0405219 

0.03825 

0.37121 

4.00 

11.670 

0.0034875 

0.0317865 

0.03440 

0.33654 

5.00 

22.359 

0.0020310 

0.0109701 

0.02241 

0.22287 

6.00 

34.737 

0.0013565 

0.0054660 

0.01729 

0.17258 

7.00 

49.191 

0.0009761 

0.0031S21 

0.01424 

0.14229 

Note:  Units  with  G  =  c  =  1,  and  M-2  =  O.lOMi. 
M\  and  M2  are  irreducible  masses. 
E0  is  the  extremized  mass. 
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TABLE  17:  Numerical  Masses  for  Mass  Ratio  0.25 

Jtotal 

"7i 

ru2 

Mtotal 

E0 

1.00 

0.91749572 

0.16749572 

1.27236282 

1.119868108 

1.50 

0.94351167 

0.19351167 

1.27376855 

1.172302223 

2.00 

0.95818493 

0.20818493 

1.27628112 

1.201679315 

2.50 

0.96874165 

0.21874165 

1.27222378 

1.220490492 

3.00 

0.97798722 

0.22798722 

1.26099682 

1.232518093 

3.25 

0.98261884 

0.23261884 

1.25375920 

1.236433004 

3.50 

0.98664235 

0.23664235 

1.24865925 

1.239162147 

3.70 

0.98899046 

0.23899046 

1.24678896 

1.240728389 

3.85 

0.99032198 

0.24032198 

1.24616044 

1.241659789 

4.00 

0.99138940 

0.24138940 

1.24588521 

1.242439740 

5.00 

0.99524254 

0.24524254 

1.24647167 

1.245545408 

6.00 

0.99689374 

0.24689374 

1.24739243 

1.247018742 

7.00 

0.997791G0 

0.24779160 

1.24803711 

1.247853748 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.25Mi- 

All  masses  in  units  of  the  irreducible  mass  M\. 
EQ  is  the  extremized  mass. 


TABLE  18:  Numerical  Orbits  for  Mass  Ratio  0.25 

Jtotal 

s  MX 

Ebindinq/M\ 

QMi 

u^ 

v<i> 

1.00 

0.931 

0.1301319 

1.2124576 

0.280S0 

0.84839 

1.50 

1.616 

0.0776978 

0.6229878 

0.23882 

0.76799 

2.00 

2.385 

0.0483207 

0.3870633 

0.21371 

0.70953 

2.50 

3.390 

0.0295095 

0.2453116 

0.18698 

0.64452 

3.00 

5.065 

0.0174819 

0.1371181 

0.14972 

0.54472 

3.25 

6.575 

0.0135670 

0.0903202 

0.12477 

0.46912 

3.50 

8.740 

0.0108379 

0.0561351 

0.10096 

0.38964 

3.70 

10.734 

0.0092716 

0.0396855 

0.08680 

0.33919 

3.85 

12.296 

0.0083402 

0.0315972 

0.07880 

0.30971 

4.00 

13.896 

0.0075603 

0.0257684 

0.07240 

0.28569 

5.00 

25.652 

0.0044546 

0.0095039 

0.04890 

0.19489 

6.00 

39.618 

0.0029813 

0.0047840 

0.03795 

0.15158 

7.00 

55.978 

0.0021463 

0.0027955 

0.03132 

0.12517 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.25M!. 
M\  and  Mi  are  irreducible  masses. 
Ea  is  the  extremized  mass. 
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TABLE  19:  Numerical  Masses  for  Mass  Ratio  0.50 

Jtotal 

mj 

mi 

Mtotal 

E0 

0.80 

0.83684048 

0.33684048 

1.52902426 

1.252472405 

0.83 

0.84358456 

0.34358456 

1.51964016 

1.262647030 

0.84 

0.S4550107 

0.34550107 

1.51791192 

1.265832485 

0.86 

0.84960450 

0.34960450 

1.51312388 

1.271950636 

0.88 

0.85280116 

0.35280116 

1.51194069 

1.277757531 

0.90 

0.85610483 

0.35610483 

1.51001902 

1.283287716 

1.00 

0.86995908 

0.36995908 

1.50704021 

1.307633153 

1.50 

0.91172222 

0.41172222 

1.51976045 

1.385011755 

2.00 

0.93566766 

0.43566766 

1.52545804 

1.428501109 

2.50 

0.95292775 

0.45292775 

1.51983104 

1.455911098 

3.00 

0.96759739 

0.46759739 

1.50575813 

1.472954303 

3.50 

0.97935488 

0.47935488 

1.49483587 

1.482426376 

4.00 

0.98604687 

0.48604687 

1.49270208 

1.487524095 

5.00 

0.99212891 

0.49212891 

1.49408400 

1.492592825 

6.00 

0.90483686 

0.49483686 

1.49564738 

1.495035123 

7.00 

0.99632427 

0.49632427 

1.49672629 

1.496423778 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.50A/!. 

All  masses  in  units  of  the  irreducible  mass  M\ . 
E0  is  the  extremized  mass. 


TABLE  20:  Numerical  Orbits  for  Mass  Ratio  0.50 

Jtotal 

8/Mi 

Ebindinq/M\ 

Q,M\ 

u<$> 

v* 

0.80 

0.864 

0.2475276 

1.4966484 

0.48416 

0.80868 

0.83 

0.927 

0.2373530 

1.3625346 

0.46896 

0.79345 

0.84 

0.945 

0.2341675 

1.3270032 

0.46514 

0.78938 

0.86 

0.987 

0.2280494 

1.2515638 

0.45611 

0.77978 

0.88 

1.022 

0.2222425 

1.1978199 

0.45067 

0.77348 

0.90 

1.059 

0.2167123 

1.1430301 

0.44449 

0.76635 

1.00 

1.237 

0.1923668 

0.9363742 

0.42123 

0.73753 

1.50 

2.126 

0.1149882 

0.4757421 

0.36085 

0.65063 

2.00 

3.168 

0.0714989 

0.2860676 

0.31964 

0.58669 

2.50 

4.585 

0.0440889 

0.1725007 

0.27509 

0.51575 

3.00 

6.982 

0.0270457 

0.0908495 

0.21677 

0.41751 

3.50 

11.370 

0.0175736 

0.0405442 

0.15526 

0.30572 

4.00 

17.174 

0.0124759 

0.0203963 

0.11729 

0.23300 

5.00 

31.016 

0.0074072 

0.0078222 

0.0S09S 

0.16163 

6.00 

47.673 

0.0049649 

0.0039705 

0.06313 

0.12616 

7.00 

67.266 

0.0035762 

0.0023254 

0.05215 

0.10426 

Note:  Units  with  G  =  c  =  1,  and  A/2  =  0.50Mi. 
M\  and  Mi  are  irreducible  masses. 
E0  is  the  extremized  mass. 
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TABLE  21:  Numerical  Masses  for  Mass  Ratio  0.75 

Jtotal 

mi 

«2 

Mtotal 

EQ 

0.82 

0.78322430 

0.53322430 

1.84229277 

1.446064194 

0.83 

0.78940386 

0.53940386 

1.81975573 

1.450800478 

0.84 

0.79394315 

0.54394315 

1.80662714 

1.455263913 

0.86 

0.80098080 

0.55098080 

1.79119016 

1.463613948 

0.88 

0.80715847 

0.55715847 

1.78008201 

1.471379S24 

0.90 

0.81221052 

0.56221052 

1.77396050 

1.478675615 

1.00 

0.83246008 

0.58246008 

1.76029885 

1.510134604 

1.50 

0.88836870 

0.63836870 

1.76961585 

1.607389908 

2.00 

0.91931986 

0.66931986 

1.77628956 

1.661346226 

2.50 

0.94142692 

0.69142692 

1.76944950 

1.695104326 

3.00 

0.959S4375 

0.70984375 

1.75358352 

1.715932396 

3.50 

0.97401575 

0.72401575 

1.74245215 

1.727591551 

4.00 

0.98222554 

0.73222554 

1.74044445 

1.734012927 

5.00 

0.98990091 

0.73990091 

1.7423S0S8 

1.740484339 

6.00 

0.99336337 

0.74336337 

1.74440238 

1.743618175 

7.00 

0.99527678 

0.74527678 

1.74578981 

1.745402830 

Note:  Units  with  G  =  c  =  l,  and  M2  =  0.75Mi- 

All  masses  in  units  of  the  irreducible  mass  M\. 
E0  is  the  extremized  mass. 


TABLE  22:  Numerical  Orbits  for  Mass  Ratio  0.75 

Jtotal 

s/Mi 

EbindinqlM\ 

QMi 

u* 

V* 

0.82 

0.963 

0.303935S 

1.4526745 

0.63183 

0.76752 

0.83 

1.011 

0.2991995 

1.3524250 

0.61504 

0.75220 

0.84 

1.048 

0.2947361 

1.2837045 

0.6036S 

0.74153 

0.86 

1.109 

0.2863861 

1.1848341 

0.58765 

0.72604 

0.88 

1.166 

0.2786202 

1.1035990 

0.57415 

0.71267 

0.90 

1.216 

0.2713244 

1.0420676 

0.56431 

0.70265 

1.00 

1.447 

0.2398654 

0.8246488 

0.52854 

0.66476 

1.50 

2.540 

0.1426101 

0.4000700 

0.44618 

0.57004 

2.00 

3.813 

0.0886538 

0.2360295 

0.39338 

0.50668 

2.50 

5.557 

0.0548957 

0.1396559 

0.33741 

0.43859 

3.00 

8.484 

0.0340676 

0.0726496 

0.26633 

0.35000 

3.50 

13.570 

0.0224084 

0.0333776 

0.194S0 

0.25813 

4.00 

20.232 

0.0159871 

0.0171888 

0.14927 

0.19848 

5.00 

36.262 

0.0095157 

0.0066826 

0.10390 

0.13842 

6.00 

55.633 

0.0063818 

0.0034033 

0.08116 

0.10817 

7.00 

78.522 

0.0045972 

0.0019915 

0.06703 

0.08935 

Note:  Units  with  G  =  c  =  1,  and  M2  =  0.75Mi. 
M\  and  M2  are  irreducible  masses. 
E0  is  the  extremized  mass. 
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the  trend  towards  tightly  bound  innermost  stable  orbits  that  mass  ratios  above 
0.02  have  in  common  with  the  case  of  equal  masses.  Below  a  mass  ratio  of 
~  0.01  the  numerical  results  compare  favorably  to  the  analytic  test  particle 
values  as  seen  in  Tables  7  and  8.  In  addition,  it  is  interesting  to  note  in  Tables 
19  and  20  that  the  mass  ratio  having  the  lowest  scaled  total  angular  momentum 
is  0.50  with  a  scaled  total  angular  momentum  of  jtota,  sa  0.80.  The  energy  of  the 
system  in  these  tables  is  presented  as  the  binding  energy  in  all  cases  except  the 
mass  ratio  of  0.005  which  is  represented  as  the  energy  per  mass  to  be  consistent 
with  the  test  particle  description.  Notice  that  this  mass  ratio  has  an  energy 
per  mass  of  0.9561202  for  the  same  scaled  angular  momentum  of  jtotai  =  3.85. 
This  is  only  0.04%  different  from  the  value  for  the  mass  ratio  of  0.01  given  in 
Table  4. 

5.4  Gravitational  Radiation 

Introducing  the  global  time  symmetry  forces  the  two  black  holes  into 
stationary  orbits.  This  approximation  to  the  true  geometry  of  the  binary 
black  hole  system  will  accurately  model  the  the  actual  geometry  as  long  as  the 
time  scale  for  secular  effects  due  to  gravitational  radiation  reaction  are  large 
when  compared  to  the  dynamical  time  scale.  To  determine  the  magnitude 
of  the  secular  effects  the  energy  and  angular  momentum  carried  away  by  the 
gravitational  radiation  must  be  approximated. 

Systems  interacting  through  purely  gravitational  exchanges  will  not  ex- 
hibit dipole  radiation.  This  is  because  the  dipole  moment  couples  to  the  linear 
and  angular  momenta  of  the  sources  and  the  total  linear  and  angular  momenta 
are  conserved  in  a  gravitational  system.    However,  the  next  higher  moment, 


so 

the  quadrupole  moment,  will  in  general  radiate  away  energy  and  momentum. 
The  reduced  quadrupole  moment  for  a  distribution  of  mass  is  given  by 


=  J  plxjxk-^sjkr2)d^x 


(5.30) 


The  total  power  radiated,  or  the  dimensionless  luminosity,  in  the  form  of  grav- 
itational quadrupole  radiation  is  given  by 

dEcw       l/d%kd%k\ 

LGW-^r~i  \^r^ry  •  (5-31) 

The  total  angular  momentum  radiated  away  by  the  gravitational  quadrupole 
radiation  is  given  by 

d4w_2ijk/d%ed%k\ 

dt    -  se    \~dW~dW/  {     } 

where  the  angle  brackets  (  )  represent  averaging  over  several  characteristic 
cycles  of  the  source  since  the  energy  of  gravitational  radiation  can  not  be 
localized  to  within  a  wavelength. 

For  two  black  holes  in  circular  orbits  about  each  other,  the  mass-energy 
density  p  appearing  in  equation  (5.30)  is  given  by 

p  =  mi8  (x  —  x0x) -\- 11126  (x  —  x<>2)  (5.33) 

where  m\  and  rri2  are  the  masses  of  the  two  black  holes  located  at  x0l  and 
Xo2-  Evaluating  equation  (5.30)  for  this  mass  energy  density  in  Cartesian 
coordinates  gives  the  following  components  to  the  quadrupole  moment  for  the 
binary  black  holes: 

Ixx  =  mhx20i  (cos2(Qt)  ~l)+  m2x\  (cos2(£lt)  -  ^  J  (5.34) 
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Xyy  =  mi^oj  (  sin2(Q,t)  -  -  j  +  r^x2,,  f  ««n2(fii)  -  -  j  (5.35) 

=  -3  (^l^oi  +  m2xl2J  (5.36) 


1::~         3 


Ixy  =  ^j/j-  =  ^U^o,  (cos(tlt)sin(Slt))  +  mix02  (cos(Q,t)sin(Q,t))  (5.37) 

Xxz  =IZX=0  (5.38) 

Iyz  =  lzy  =  0  .  (5.39) 

Equations  (5.31)  and  (5.32)  for  the  rate  of  energy  and  angular  momentum  loss 
require  the  second  and  third  time  derivatives  of  the  quadrupole  moment  Xj^. 
The  second  derivative  with  respect  to  time  generates  the  following  components: 

d2lxl 


dt2 
d2Z 


-2ft2  (m^  +  m2x22)  cos(2Qt)  (5.40) 


.'/.'/ 


ri     =  2ft2  (mlX20i  +  m2xty  cos(2Qt)  (5.41) 

%L=^f  =  "2«2  (•»!<  +  "»*■£)  «»(a»)  (5-«) 


d<2  <ft2 


=  0  .  (5.44) 
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The  third  derivative  with  respect  to  time  generates  the  following  components: 


dt* 

c/3J, 


,</// 


=  4ft3  (mix20l  +  m2x20\  sin(2Vtt)  (5.45) 


-4ft3  (mixlx  +  m2x20\  sin(2ttt)  (5.46) 


dzlz. 


d$ 
dHxv       d3Z 


=  0  (5.47) 


~dW  =  ^~dW  =  ~4n*  (mi**»  +  m2X°2) cos(mt^         (5-48^ 

d2T  d2l 

Substitution  into  equation  (5.31),  the  dimensionless  luminosity  is  found 
to  be 

lid    ±XX  d    Xyy  d    Zxy  d    lyx 

Lgw  —  7  \  — 775 1 TPi 1 775 r 


5  \    d$  dt*  dt*  eft3 

=  —  ft6  (mix20i  +  m2xl\2  lsin2(2Slt)  +  cos2(2Slt)\  (5-5°^ 

=  ^Vft6 
5 

where  fi  is  the  reduced  mass  of  the  system  and  s  is  the  separation  between  the 
two  black  holes.  Next  substitute  into  equation  (5.32)  to  find  the  rate  at  which 
the  system  losses  angular  momentum 

dJx 

dT  =  °  (5-51) 


dTy 

dT  =  °  (5,52) 


S3 


dJ Gw       2  /  d  Xxx  d  ±xy       d  XXy  d  Xyy       d  XyX  d  Xxx       d  Xyy  d  LyX 


dt         5  \    dt2      dt*  dt2      dt*  dt2      dfi  dt2      d& 

=  -^ft5  (mix20l  +  m2xl\    lsin2(2nt)  +  cos2(2Qt)\ 

(5.53) 
The  x  and  y  components  are  naturally  zero  since  the  motion  of  the  two  black 
holes  is  restricted  to  the  x  —  y  plane.  The  results  for  equations  (5.50)  and  (5.53) 
reveal  the  following  relationship  between  the  luminosity  and  the  magnitude  of 
the  rate  of  angular  momentum  loss  for  a  gravitational  system 

Law  =  A  (^f )   -  (5.54) 

The  application  of  equation  (5.50)  to  the  extremized  geometries  having 
scaled  angular  momenta  over  the  range  of  stable  circular  orbits  allows  for  a 
measure  of  the  accuracy  that  a  particular  solution  has  to  the  actual  physical 
binary  system  of  black  holes.  These  dimensionless  luminosities  are  listed  in 
Table  23  and  plotted  in  Figure  10  for  equal  mass  black  holes.  The  luminosity 
reaches  a  value  of  LGW  w  1  at  a  scaled  angular  momentum  of  jtotai  ~  li  and  at 
a  separation  of  s  «  1.7 M\.  This  is  to  large  a  luminosity  to  consider  the  results 
accurate.  A  more  reasonable  limit  on  the  luminosity  might  be  LGW  «  0.01. 
This  occurs  at  jtotai  ~  2.40,  at  a  separation  of  s  «  5.9MJ. 

Also  useful  in  determining  a  comparison  of  the  secular  time  scale  to  the 
dynamic  time  scale  is  the  approximation  to  the  energy  radiated  away  per  orbit 
given  by  (-^)LGw-  This  quantity  becomes  comparable  to  the  binding  energy 
at  a  scaled  angular  momentum  of  jtotai  ~  3.25,  at  a  separation  of  s  zz  12.4Mj. 
This  is  where  one  orbit  loses  roughly  the  same  amount  of  energy  in  the  form 


84 


TABLE  23:  Gravitational  Quadrupole  Radiation  for  Equal  Masses 

j,oia, 

•/Mi 

fi/Mt 

nji/i 

'-'aw 

(27r/ft)LGVVt 

F              * 

0.84 

1.13 

0.37535 

1.25e+00 

5.48e+00 

2.77e+01 

0.34361 

0.85 

1.19 

0.37917 

1.15e+00 

4.32e+00 

2.36e+01 

0.33828 

0.90 

1.37 

0.38945 

9.39e-01 

2.36e+00 

1.58e+01 

0.31522 

1.00 

1.65 

0.40200 

7.30e-01 

1.16e+00 

9.99e+00 

0.27818 

1.30 

2.40 

0.42485 

4.47e-01 

3.08e-01 

4.34e+00 

0.20115 

1.50 

2.92 

0.43510 

3.49e-01 

1.58e-01 

2.85e+00 

0.16510 

1.60 

3.19 

0.43941 

3.11e-01 

1.16e-01 

2.34e+00 

0.14995 

2.00 

4.39 

0.45319 

2.05e-01 

3.60e-02 

1.10e+00 

0.10263 

2.20 

5.10 

0.45873 

1.67e-01 

1.97e-02 

7.41e-01 

0.08486 

2.40 

5.93 

0.46373 

1.35e-01 

1.03e-02 

4.78e-01 

0.07005 

2.50 

6.40 

0.46607 

1.21e-01 

[     7.23e-03 

3.76e-01 

0.06361 

2.60 

6.93 

0.46834 

1.07e-01 

4.95e-03 

2.90e-01 

0.05776 

2.70 

7.52 

0.47054 

9.49e-02 

3.30e-03 

2.19e-01 

0.05246 

3.00 

9.78 

0.47676 

6.26e-02 

8.04e-04 

8.06e-02 

0.03958 

3.25 

12.38 

0.48129 

4.25e-02 

2.06e-04 

3.04e-02 

0.03180 

3.50 

15.58 

0.48491 

2.90e-02 

5.23e-05 

1.14e-02 

0.02610 

3.70 

18.46 

0.48715 

2.18e-02 

1.91e-05 

5.49e-03 

0.02262 

3.85 

20.76 

0.48851 

1.80e-02 

9.52e-06 

3.33e-03 

0.02047 

4.00 

23.17 

0.48965 

1.50e-02 

5.02e-06 

2.10e-03 

0.01864 

4.29| 

28.03 

0.49139 

1.10e-02 

1.67e-06 

9.54e-04 

0.01579 

4.50 

31.83 

0.49238 

8.93e-03 

8.07e-07 

5.68e-04 

0.01410 

5.00 

41.46 

0.49411 

5.84e-03 

1.84e-07 

1.98e-04 

0.01110 

6.00 

64.00 

0.49615 

2.94e-03 

1.70e-08 

3.64e-05 

0.00745 

7.00 

89.72 

0.49724 

1.74e-03 

2.88e-09 

1.04e-05 

0.00537 

8.00 

119.82 

0.49793 

1.12e-03 

6.34e-10 

3.57e-06 

0.00406 

9.00 

153.86 

0.49839 

7.62e-04 

1.74e-10 

1.43e-06 

0.00318 

10.00 

191.87 

0.49870 

5.44e-04 

5.59e-ll 

6.46e-07 

0.00256 

11.00 

234.32 

0.49894 

4.01e-04 

2.00e-ll 

3.13e-07 

0.00211 

12.00 

279.93 

0.49911 

3.07e-04 

8.12e-12 

1.67e-07 

0.00176 

13.00 

330.06 

0.49924 

2.39e-04 

3.52e-12 

9.25e-08 

0.00150 

14.00 

383.90 

0.49935 

1.90e-04 

1.64e-12 

5.41e-08 

0.00129 

15.00 

441.98 

0.49944 

1.54e-04 

8.02e-13 

3.28e-08 

0.00112 

17.50 

604.56 

0.49959 

9.58e-05 

1.65e-13 

1.08e-08 

0.00082 

20.00 

791.59 

0.49968 

6.39e-05 

4.25e-14 

4.19e-09 

0.00063 

25.00 

1241.91 

0.49980 

3.24e-05 

4.42e-15 

8.56e-10 

0.00040 

50.00 

4991.19 

0.49995 

4.01e-06 

4.16e-18 

6.50e-12 

0.00010 

Note:  Units  with  G  = 
f  Actual  value  of  jlola 
I  In  units  of  the  irred 


c=  1. 

,  =  JtolJM1M2 
ucible  mass  M\. 


is  4.287597023. 
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FIGURE  10:  Quadrupole  Radiation  from  Equal  Mass  Black  Holes.  The 
quadrupole  approximation  to  the  gravitation  radiation  from  two  black  holes  in 
circular  orbits  is  plotted  against  the  angular  momentum  jtota,  =  Jtota]/(M\M2) 
for  the  equal  mass  case  M<i  =  M\. 


of  gravitational  quadrupole  radiation  as  the  system  has  lost  throughout  its 
entire  evolution. 

The  secular  time  scale  can  also  be  compared  with  the  dynamic  time 
scale  by  comparing  the  radial  component  of  the  velocity  of  each  black  hole 
to  the  tangential  component  of  the  velocity.  This  can  be  accomplished  by 
considering  a  plot  of  the  binding  energy  of  each  stable  circular  orbit  as  a 
function  of  the  separation  between  the  two  black  holes  as  in  Figure  11,  for  the 
equal  mass  black  holes.  As  the  black  holes  spiral  in  from  their  mutual  energy 
and  angular  momentum  loses,  they  will  slowly  move  inward  from  a  quasi-stable 
orbit.  The  change  in  the  binding  energy  must  account  for  the  luminosity  of 
the  gravitational  radiation  to  conserve  energy.  Thus  the  following  definition 
emerges 

di  =  (%*)  (%*)"'  <"■> 

where  the  l-j-  J  term  on  the  right  hand  side  of  equation  (5.55)  is  taken  from 
the  plot.  The  l—n-  J  term  is  given  by  the  dimensionless  Luminosity  of  equation 
(5.50).  In  the  case  of  equal  mass  black  holes  the  (tt)  is  roughly  twice  the 
radial  component  of  the  velocity.  Thus  the  radial  velocity  is  approximated  by 

for  two  equal  mass  black  holes.  The  numerical  results  for  the  radial  and  tan- 
gential components  of  the  velocity  are  shown  in  Figure  12.  The  radial  com- 
ponent is  smaller  than  the  tangential  component  for  separations  larger  than 
5  «  5.9Mi.  At  roughly  this  separation  the  scaled  angular  momentum  has  a 
value  of  j \otai  ~  2.40  and  the  dimensionless  luminosity  for  the  quadrapole  grav- 
itational radiation  has  a  value  of  LGW  ~  0.01,  providing  stronger  justification 
for  the  previously  discussed  limit  for  the  luminosity. 
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FIGURE  11:  Numerical  Binding  Energy  versus  Separation.  The  binding 
energy  per  mass  Mi  is  plotted  for  the  stable  circular  orbits  of  equal  mass  black 
holes  as  a  function  of  their  separation  s/M\.  The  slope  at  any  point  along 
this  curve  is  used  in  conjunction  with  the  luminosity  to  determine  the  radial 
velocity  of  the  black  holes. 
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FIGURE  12:  Numerical  Components  of  Velocity.  The  radial  and  tangen- 
tial components  of  the  velocity  for  the  equal  mass  black  holes  as  a  function  of 
the  separation  between  the  two  equal  mass  black  holes  in  quasi-stable  orbits. 
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5.5  Apparent  Horizons 

During  the  true  evolution  of  the  binary  system  of  two  black  holes  energy 
and  total  angular  momentum  are  lost  through  the  emission  of  gravitational 
radiation.  The  dimensionless  luminosity  of  this  radiation  increases  as  the  bi- 
nary system  becomes  more  tightly  bound.  Eventually,  the  time  scale  for  the 
spiralling  collapse  becomes  comparable  to  an  orbital  period.  Assuming  at  this 
stage  of  the  evolution  that  the  total  angular  momentum  of  the  binary  system  is 
less  than  the  total  mass  of  the  binary  system,  the  two  black  holes  will  coalesce, 
destined  to  become  a  single  axisymmetric  Kerr  black  hole. 

The  coalescence  of  two  black  holes  into  one  is  marked  by  the  presence 
of  an  event  horizon  enclosing  both  black  holes.  Since  the  determination  of 
the  event  horizon  requires  knowledge  of  the  global  structure  of  the  space-time 
geometry  and  since  the  initial  data  is  given  on  a  partial  Cauchy  surface  in  the 
variational  method,  it  is  not  possible  to  determine  the  event  horizon  from  the 
numerical  results.  Even  if  the  global  structure  of  the  space-time  was  derivable, 
the  limitations  of  numerical  calculations  make  specification  of  the  event  horizon 
difficult. 

However,  the  apparent  horizon  can  be  specified  on  any  space-like  hyper- 
surface  without  knowing  the  global  structure  of  space-time.  When  a  space-time 
is  stationary  the  apparent  horizon  will  coincide  with  the  event  horizon,  but  in 
general  the  existence  of  an  apparent  horizon  implies  the  existence  of  an  event 
horizon  either  outside  or  coinciding  with  its  surface. 

The  apparent  horizon  is  a  two  dimensional  surface  characterized  by  hav- 
ing outgoing  orthogonal  null  geodesies  with  zero  convergence  pc  which  satisfies 

Pc  =  &e  (mWV^)  =  0  (5.57) 
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where  m^  is  a  complex  null  vector  over  the  two  dimensional  surface,  rh^  is  its 
complex  conjugate,  and  W  is  an  outgoing  null  vector  spanning  the  same  two 
dimensional  surface.  This  can  be  put  into  a  more  useful  form  for  numerical 
relativity  involving  the  geometric  quantities  on  the  hypersurface  Sr.  Consider  a 
space-like  unit  vector  s^  lying  in  Sr  and  everywhere  orthogonal  to  the  apparent 
horizon,  then  s^  will  satisfy  the  following  equations 

lnvsW  =  1  (5.58) 

D^  -  K\  +  K^s"  =  0  (5.59) 

where  D^  is  the  covariant  derivative  on  the  hypersurface  Er,  and  KpV  is  the 
extrinsic  curvature  tensor. 

For  time  symmetric  black  hole  solutions,  the  extrinsic  curvature  KIU,  =  0. 
This  reduces  equation  (5.59)  to 

D^  =  0  (5.60) 

which  is  the  equation  for  a  minimal  (or  extremal)  surface.  In  the  time  sym- 
metric solutions,  the  outermost  apparent  horizon  is  a  minimal  surface  and  will 
have  less  area  than  the  event  horizon.  This  provides  for  a  means,  via  the  area 
theorem,  to  place  an  upper  bound  on  the  amount  of  gravitational  radiation 
emitted.  The  apparent  horizons  of  two  equal  mass  black  holes  in  the  time 
symmetric  approximation  have  been  investigated  extensively  in  the  literature. 
It  has  been  found  that  the  apparent  horizon  encloses  the  two  black  holes  when 
their  separation  reaches  1.53m,  where  m  is  the  mass  of  either  hole  and  the  max- 
imum energy  available  for  gravitational  radiation  has  been  found  to  be  1.16% 
of  the  total  initial  rest  mass  of  the  two  black  holes.45'49,50,51  While  the  time 
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symmetric  solutions  are  far  from  being  the  correct  geometry  for  an  evolving 
binary  black  hole  system,  these  numbers  are  useful  for  comparisons. 

The  method  of  actually  finding  the  apparent  horizons  in  a  three  dimen- 
sional numerical  relativity  solution  for  a  space-time  geometry  consists  of 
introducing  a  scalar  function  T  on  the  hypersurface  Sr  defined  by 

T(r,9,<f>)  =  r-H(6,<f>)  (5.61) 

where  7i(8,  <f>)  can  be  written  as  a  series  expansion  in  spherical  harmonics 

oo     e 

«(M)  =  E    E    e*nYim(°*4>)  •  (S-62) 

The  gradient  of  this  scalar  function  points  in  the  direction  of  the  normal  vector 
to  the  apparent  horizon  s^  determined  by 


V/(D(7T)(D^T)  ' 
The  apparent  horizon  is  defined  by  the  vanishing  of  the  scalar  function 


(5.63) 


T(r,0,#)=O  (5.64) 

which  gives  the  radial  coordinate  to  any  point  having  angular  coordinates  (0,  <j>) 
as  being 

oo         I 

r  =  H(6, 4>)  =  ]T   E   cimYgm(e,  4)  .  (5.65) 

^=0  m=-£ 
Substituting  T(r,  #,</>)  into  equation  (5.59)  gives  after  a  bit  of  algebra,  the 

following  equation  for  the  apparent  horizon 

v  /(DAIT)(D„T)(D/'DI,T)      A-^(D/,T)(Dt/T)\  (5.66) 

fey\         (DffT)(D"T)  ^(DaT)(D°T)   J    " 
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This  peculiar  form  of  equation  (5.59)  will  become  extremely  useful  in  an  iter- 
ative scheme  to  be  developed,  but  first  consider  the  common  term  appearing 


on  both  sides  of  equation  (5.66): 

1  fdln(y) 
2 


D^D^T  = 


dT\ 


+ 


dx»   J  \dxu ) 

i  /  '  +7 


/"y 


d2T 


(5.67) 


dxf  J  \dxv  J  ydxVdx" 

where  7  =  det(j^i,).   The  last  term  on  the  right  hand  side  of  equation  (5.67) 

contains  the  flat  Laplacian  differential  operator  V  .  By  substituting  equation 

(5.67)  into  both  sides  of  equation  (5.66)  and  cancelling  all  terms  from  both 

sides  except  a  term  proportional  to  the  flat  Laplacian,  which  is  scaled  by  'J/      , 


the  following  equation  for  the  apparent  horizon  develops: 
*~4V2X  =  <]>~4V2X 

+  y  ( (D^TXDvTXD/^T)      /v^(D^T)(Dt,T) 


(5.68) 


(DaT)(D^T)  V/(D(TT)(D^T) 

where  the  actual  choice  of  $  is  somewhat  arbitrary,  but  in  order  to  convey 
more  information  about  the  hypersurface,  it  is  chosen  to  be  the  conformal 
factor  given  in  equation  (4.18).   The  action  of  the  flat  Laplacian  operator  V 
on  the  scalar  function  T  gives 


V2T(r,0,<^)  =  V2(r-H(6,<f>)) 


1 


1   d  (     m 


+ 


1     d2H 


sirfiO  d(f>2 


(5.69) 


£    E    W  +  tyhnYtrnM) 

_e=o  m=-t 

By  substituting  equation  (5.69)  into  both  sides  of  equation  (5.68)  and  perform- 
ing a  little  algebra,  the  equation  for  the  apparent  horizon  becomes 

00       I  00       I 

J2    £^  +  1)C'm^mOU)  =  £    E    W  +  tytmY*n(*,+) 

e=o  m=-e  e=o  m=-i 


-2*4  E  f 


(D/JT)(DJ,T)(D''Dl/r)      A'^(D/zT)(Dt/T) 


(DffT)(D*T) 


y/(DffT)(D°T) 


(5.70) 
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Now  multiply  both  sides  of  equation  (5.70)  by  Ypm,(9,  (f))sin9d9d<f)  and  inte- 
grate over  the  two-sphere.  The  result  is 

ctm  =  cim  ~  JFf^  J  J  Yim{e,  <j>)  {r2*4F(r,  $,  <!>)} {r=n]  sin9d8d<l>    (5.71) 
0    0 

where  the  function  F(r,  9,  <f>)  appearing  in  the  integrand  is  given  by 
"(D/iT)(DJ/T)(DA'DJ,T)      ^"(D^T)(D„T)' 


(D„T)(D"T)  y/(DaT)(D'T) 


(5.72) 


Notice  that  the  portion  of  the  integrand  within  the  {  }  must  be  evaluated 
on  the  apparent  horizon,  that  is  at  r  =  H(9,(f)).  Equation  (5.71)  states  that 
when  the  apparent  horizon  is  known  in  terms  of  a  series  expansion  in  spherical 
harmonics  as  in  equation  (5.65),  the  integral  on  the  right  hand  side  of  equation 
(5.71)  must  vanish. 

One  limitation  of  equation  (5.71)  is  that  the  coefficients  C£m  are  deter- 
mined only  for  values  of  (£  >  0).  The  coefficient  cqq  is  determined  by  solving 
for  the  root  of  equation  (5.61),  which  satisfies  equation  (5.64).  An  iterative 
scheme  for  finding  the  apparent  horizon  can  now  be  outlined.  Consider  the 
following  form  of  equation  (5.71), 

4T  =  c£  -  J^T)  J  fUnV**)  P*4^M)}{r=w(n))  sm9d9d4> 

0    0 

(5.73) 

where  the  superscript  index  n  refers  to  the  level  of  the  iteration.    Define  the 

change  in  the  value  of  the  coefficients  cgm  with  each  iteration  as  Sc^  ,  then 

this  change  defined  as 
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will  upon  substitution,  satisfy  the  equation 

0    0 
These  £ci"*  's  amounts  to  a  correction  factor  to  any  reasonable  approximation 
to  the  value  of  the  coefficients  c^m.  In  the  event  that  the  correct  values  of  the 
coefficients  are  used  on  the  right  hand  side  of  equation  (5.75),  the  correction 
to  these  coefficients  will  be  zero.  Iteratively  this  comes  about  by 

lim  ScP  =  0  .  (5.76) 

n^oo      un 

The  schematic  procedure  for  finding  the  apparent  horizon  goes  as  fol- 
lows. Guess  a  sufficiently  reasonable  choice  of  coefficients  cl°'  for  the  apparent 
horizon,  then  the  following  is  true 

oo        I 

^=0  m=-e 

=  0  . 
This  locates  the  position  of  the  apparent  horizon  as  r(0).   Use  equation  (5.75) 
to  find  the  corrections  to  the  c^     with  (£  >  0).  Then  determine  the  newer  c(P 
for  {£  >  0)  by 

4ii=4:;+^m'for^>°)-  (5-7§) 

To  find  the  new  value  of  c™,  the  following  equation  derived  from  equation 
(5.70)  with  {£  =  m  =  0)  must  be  solved 

2tt    7T 

}oVM)p*4F(r,M)}  (1     sin$ded<i>  =  0  (5.79) 


J  J  '  l,u'       '  s  ^  'M'-   ><"'! 

o  o 


where  the  r  is  evaluated  using  the  updated  c«    's  and  a  guess  is  made  for  the 

-oo- 


value  of  Cqq.  The  guess  is  updated  according  to  the  type  of  algorithm  employed 
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for  root  solving.  The  complete  set  of  <%    's  can  now  be  used  to  find  all  of  the 
cl2)  's  in  a  similar  fashion.    This  iterative  process  can  be  continued  until  the 
desired  accuracy  with  respect  to  the  true  c^m's  is  achieved. 

Although  the  apparent  horizon  for  the  trial  geometry  of  equations  (4.16) 
through  (4.28)  has  not  been  determined  with  this  method  to  date,  a  similar 
method  has  been  applied  to  the  time  symmetric  solution  for  two  and  three 
black  holes.  '"^  In  a  numerical  calculation  the  actual  series  expansion  must  be 
truncated  to  some  finite  £max  and  the  number  of  iterations  of  the  c«"i's  must 
also  remain  finite.  The  question  of  what  constitutes  a  reasonable  initial  guess 
for  the  apparent  horizon  must  also  be  addressed.  A  reasonable  starting  surface 
should  build  on  results  already  achieved.  Thus  the  time  symmetric  solutions 
can  be  utilized  to  initialize  the  outlined  procedure  when  the  separation  between 
the  two  black  holes  is  large.  Once  the  sequence  of  apparent  horizons  for  closer 
separations  begins  to  evolve,  the  sequence  can  be  used  to  extrapolate  the  initial 
guess  to  the  position  of  the  apparent  horizon  for  the  next  closer  separation. 


CHAPTER  6 
SUMMARY  AND  CONCLUSIONS 


The  trial  geometry  used  in  this  first  application  of  the  variational  prin- 
ciple for  the  total  mass  has  extended  the  present  day  understanding  of  the 
gravitational  interaction  of  two  bodies  as  described  by  general  relativity.  Al- 
though the  results  are  restricted  to  a  system  of  two  black  holes  in  circular 
orbits  about  each  other,  the  characteristic  of  such  orbits  are  found  in  regions 
previously  exceeding  the  limitations  of  the  Newtonian  and  post-Newtonian  ap- 
proximations. For  example  the  post-Newtonian  approximation  to  two  equal 
mass  point  sources  finds  no  stable  circular  orbits  for  a  scaled  total  angular 
momentum  jtotal  <  4.29.  Taking  a  critical  luminosity  of  LGW  w  1.0  x  10  as 
too  large  to  justify  a  stationary  system,  then  the  numerical  results  can  be  pro- 
pitiously considered  for  scaled  total  angular  momenta  greater  than  jtotal  ~  2.4. 
Even  restricting  the  critical  value  of  luminosity  to  LGw  ~  1.0  x  10  allows 
for  acceptance  of  scaled  total  angular  momenta  as  low  as  jtotai  ~  3.0.  This 
is  a  more  conservative  limit  to  impose.  At  just  above  jtotai  «  3.0  the  system 
is  losing  roughly  the  same  amount  of  energy  per  orbit  as  it  has  lost  through 
its  entire  evolution.  In  addition,  the  Regge- Wheeler  potential  which  describes 
multipole  perturbations  of  a  Schwarzschild  black  hole's  geometry  is  peaked  for 
quadrupole  perturbations  at  an  isotropic  radius  of  1.743M,  where  M  is  the 
mass  of  the  black  hole.  Treating  the  summed  masses  of  the  two  black  holes 
as  M ,  this  peak  is  traversed  by  the  two  black  holes  at  a  separation  of  5  w  7.0Mi 
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in  isotropic  coordinates.  The  two  black  holes  cross  over  this  peak  with  a  scaled 
total  angular  momentum  of  jtota,  «  2.6  with  a  luminosity  of  just  a  few  parts  in 
one  thousand. 

In  part,  the  justification  for  such  claims  comes  from  the  ability  of  this  trial 
geometry  to  reproduce  known  orbital  parameters.  In  the  test  particle  limit  this 
geometry  favorably  compares  to  the  analytic  result  down  to  the  innermost  sta- 
ble circular  orbit  that  was  numerically  obtained.  Unfortunately,  the  innermost 
orbit  occurred  at  a  scaled  angular  momentum  of  jiotai  ~  3.85  some  11%  greater 
than  the  analytic  value  of  2\/3-  Even  so,  the  energy  per  mass  of  0. 9565079 M\ 
for  the  test  particle  found  numerically  at  this  angular  momentum  is  within 
0.2%  of  the  analytic  value  of  0.95830523il/j.  The  radial  separation  of  any  orbit 
is  not  accurately  determined  by  the  variational  principle.  This  is  clearly  seen 
for  the  test  particle's  innermost  stable  circular  orbit  found  numerically.  The 
numerical  separation  of  s  =  7.95A/j  differs  by  approximately  60%  from  the 
analytic  value  of  s  =  4.95Afi. 

When  considering  the  accuracy  of  the  results  for  black  holes  of  equal 
masses,  the  post-Newtonian  approximation  compared  extremely  well  where 
applicable.  The  presence  of  the  innermost  stable  circular  orbit  at  a  scaled  to- 
tal angular  momentum  of  jtotal  «  4.29  is  significantly  above  the  value  of  0.84 
found  numerically.  However,  one  must  remember  that  the  post-Newtonian  ap- 
proximation is  valid  only  for  small  velocities.  At  jtota,  &  4.29,  the  black  holes 
have  tangential  speeds  of  roughly  15%  the  speed  of  light.  The  post-Newtonian 
approximation  is  stressed  for  accuracy  at  this  angular  momentum.  Still  the  nu- 
merical binding  energy  of  0.0157858Mi  at  this  scaled  angular  momentum  dif- 
fers by  less  than  8%  from  the  post-Newtonian  binding  energy  of  0. 0170059 M\. 
The  energy  of  the  binary  system  of  black  holes  as  determined  by  these  two 
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methods  agree  to  within  0.06%.  Again  the  separation  between  the  two  black 
holes  is  shown  to  be  imprecisely  predicted  through  the  variational  principle. 
The  numerical  result  of  s  =  28.03Mj  differs  from  the  post-Newtonian  result  of 
5  =  19.8lMi  by  40%.  This  is  not  to  say  that  the  post-Newtonian  separation 
is  accurate.  It  only  suggest  the  degree  of  uncertainty  that  exist  in  the  value  of 
the  separation  between  these  result. 

Combining  the  results  of  a  sequence  of  scaled  angular  momenta  for  two 
black  holes  of  equal  mass  allow  for  a  sketch  of  the  evolution  of  the  two  holes  as 
they  slowly  spiral  in  on  each  other.  At  very  large  separations  the  two  black  hole 
are  orbiting  each  other,  their  motion  accurately  described  by  simple  Newto- 
nian mechanics.  The  gravitational  radiation  is  accurately  determined  through 
the  quadrupole  moment  approximation.  The  system  loses  energy  and  angular 
momentum  in  the  form  of  gravitational  radiation.  When  the  scaled  angular 
momentum  reaches  a  value  of  jtotal  «  10  at  a  separation  of  s  ~  192A/j ,  the  New- 
tonian approximation  to  the  binding  energy  is  ~  2.5%  in  disagreement  with 
the  post-Newtonian  and  numerical  values  which  still  agree  to  within  0.09%  of 
each  other.  The  luminosity  of  the  quadrupole  gravitational  radiation  is  roughly 
LGw  ~  6  x  10  ,  and  with  each  orbit  the  system  is  losing  ~  6  x  10~'M\  of  its 
energy.  Once  the  system  has  decayed  down  to  a  scaled  angular  momentum  of 
jtotai  ~  4,  at  a  separation  of  s  za  23.17 M\,  the  system  will  possess  a  sufficiently 
small  angular  momentum,  J  total  <  ^Q0taii  f°r  *ne  remainder  of  its  evolution  to 
settle  into  a  Kerr  black  hole.  By  this  stage  the  system  has  radiated  away  0.9% 
of  its  total  mass  and  is  losing  energy  at  a  rate  of  roughly  0.1%  of  the  total 
mass  with  each  orbit.  The  black  holes  will  pass  through  the  quadrupole  peak 
in  the  Regge- Wheeler  potential  when  jtotai  w  2.6,  at  an  isotropic  separation 
of  s  ~  7.0Mj.    The  luminosity  has  risen  to  LGw  ~  5  x  10-**  as  the  energy 
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loss  per  orbit  climbs  to  15%  of  the  total  mass.  The  evolution  has  now  taken 
a  feverish  pace  but  instantaneously  the  system  should  still  be  accurately  ap- 
proximated by  the  numerical  results.  At  roughly  this  separation  the  orbital 
frequency  has  a  value  of  Q  «  0.095Mj  .  This  corresponds  to  a  quadrupole 
radiation  frequency  of  0.19Mj~  which  is  in  resonance  with  the  quadrupole 
normal  mode  frequency  of  a  Schwarzschild  black  hole  of  mass  2M\.  By  now 
the  system  has  lost  ~  O.O6M1  of  its  origin  energy  at  frequencies  less  than  this 
quadrupole  normal  mode.  As  the  scaled  angular  momentum  drops  to  a  value 
of  jtotai  ~  2.4  at  a  separation  of  s  ~  5.93A/j  the  dimensionless  luminosity  has 
reached  LGW  ta  1.0  x  10  .  The  secular  time  scale  for  radiation  effects  is  no 
longer  large  compared  to  the  dynamical  time  scale.  At  this  limit  the  results 
of  the  variational  principle  for  the  mass  should  be  taken  with  much  less  confi- 
dence. Up  to  this  point  the  system  has  radiated  away  O.OTMi .  With  reasonable 
assurance  the  system  is  expected  to  lose  at  least  ~  3%  of  its  initial  total  mass 
in  the  form  of  gravitational  radiation. 

In  conclusion,  it  has  been  shown  that  the  variational  principle  for  the 
total  mass  is  an  extremely  powerful  technique  for  studying  the  binary  system 
of  black  holes,  going  beyond  the  limitations  of  the  approximate  methods  of  the 
Newtonian  and  post-Newtonian  equations  of  motion.  The  method  does  rely 
on  a  reasonable  choice  of  trial  geometry.  This  particular  trial  geometry  has 
been  through  many  permutations  in  an  effort  to  achieve  the  test  particle  limit 
with  greater  accuracy.  With  it  the  solutions  to  stable  circular  orbits  have  been 
mapped  out  and  a  lower  limit  on  the  amount  of  gravitation  radiation  emitted 
as  two  equal  mass  black  holes  coalesce  has  been  determined.  In  the  future 
this  technique  is  expected  to  undergo  several  modifications.  One  modification 
naturally  is  to  find  a  better  trial  geometry  satisfying  Einstein's  equations  to 
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higher  orders.  It  is  also  very  important  to  incorporate  gravitational  radiation 
into  the  variational  principle  to  model  the  dissipative  effect  in  the  physical 
system.  Inevitably,  there  will  be  progress  at  actually  solving  Einstein's  equa- 
tions numerically.  With  present  day  algorithms  for  solving  partial  differential 
equations  on  a  grid,  an  initial  guess  to  the  solution  is  needed.  These  and  fu- 
ture applications  of  the  variational  principle  may  provide  such  initial  guesses, 
as  well  as,  improve  the  understanding  of  extremely  relativistic  gravitational 
systems. 


APPENDIX 
COMPUTER  PROGRAM 


The  C  source  code  used  to  numerically  study  the  two  black  holes'  trial 
geometry  within  the  context  of  the  variational  method  for  the  total  mass  is 
presented.  Several  typesetting  constraints  have  made  the  source  code  slightly 
incompatible  with  the  C  language.  However,  only  a  slight  familiarity  with  the 
C  language  will  make  these  differences  transparent  to  the  reader.  The  complete 
C  code  was  developed  in  several  modules,  each  of  which  is  given  with  a  short 
description.  Several  excellent  references  exist  on  some  of  the  fundamental 
numerical  methods  employed.     '™ 

ExtremeSb.c  is  the  main  module  of  the  C  code.  Variables  are  initialized 
and  tested  for  consistency  here.  This  module  is  also  responsible  for  all  output 
with  external  mass  storage  devices  and  communicates  all  initial  data  to  the 
remainder  of  the  C  code. 

/*  Extreme5b.c  */ 

/*  Test  algorithm  for  minimization  routines. 

Calculates  initial  constants  for  trial  geometry  5B. 

*/ 

#  include  <  stdio.h> 

#  include  <  math.h> 

#  include  <  assert. h> 

#  define  YES  1 

#  define  NO  0 

#  define  FIND.MIN       YES 
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"R1J429.DAT" 
"R1TBL429.DAT" 
1.000 
1.000 

4.287597023 
27.750 
28.251 
0.25 


#  define  STEST  0.5 

#  define  TOL  4.0e-5 

#  define  INTGRLEPS      1.0e-9 

#  define  PI  3.14159265359 

#  define  EPSILON         1.0e-10 

#  define  FILENAME 

#  define  FTABULAR 

#  define  M1IRRBLE 

#  define  M2IRRBLE 

#  define  J  DENSITY 

#  define  INNERS 

#  define  OUTERS 

#  define  SIZES 
FILE  *£P; 
FILE  *fT; 

long  int  TIMES; 

int  EQ_Masses_Flag  =  0; 

double  Rmax     =    100000.00, 

Mlirr   =     M1IRRBLE, 

M2irr    =     M2IRRBLE, 

Sbegin  =        OUTERS, 

Send     =        INNERS, 

DeltaS  =        -SIZES, 

Sstart  =        6*(M1IRRBLE+M2IRRBLE), 

Jtotal  =         JDENSITY*M1IRRBLE*M2IRRBLE; 
/*(  — )  set  in  1st  call  to  initialization(s)  */ 
double  radError  =     INTGRLEPS, 

thetaError  =  INTGRLEPS, 

phiError  =     INTGRLEPS; 

double  U,  V,  Ml,  M2,  XI,  X2,  omega;  /*  Set  in  prmtrzd  */ 
int  check Jnitialization(s,j total) 
double  s  jtotal; 


if  (    (fabs(l  -  (XI  -  X2)/s)  >    EPSILON) 
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||       (fabs(l  -  V/X2/omega)  >    EPSILON) 
||      (fabs(l  -  U/Xl/omega)  >    EPSILON) 
||     (fabs(l  -  (Ml*U*Xl/sqrt(l-U*U)  +  M2*V*X2/sqrt(l-V*V))/jtotal) 

>   EPSILON) 
||      (fabs(Ml*U/sqrt(l-U*U)  +  M2*V/sqrt(l-V*V))  >   EPSILON) 
||       (fabs(Mlirr  -  Ml*(l+M2/(2*s)))  >    EPSILON) 
||      (fabs(M2irr  -  M2*(l+Ml/(2*s)))  >   EPSILON)) 

{ 

printf( "Check  Setup.\n\n    U/Xl  =  %f     V/X2  =  %f 
s  =  %f    XI -X2  =  %f\n\n", 
omega,  V/X2,  s,  XI  -  X2); 
printf("jtotal  =  %f   ?=J1    +J2=    %f   +    %f   =  %f\n\n",  jtotal, 

Ml*U*Xl/sqrt(l-U*U),  M2*V*X2/sqrt(l-V*V)  , 

Ml*U*Xl/sqrt(l-U*U)  +  M2*V*X2/sqrt(l-V*V)); 
printf("Ptotal  =  PI  +  P2  =  %f   +    %f  =  %f\n\n", 

Ml*U/sqrt(l-U*U),  M2*V/sqrt(l-V*V)  , 

Ml*U/sqrt(l-U*U)  +  M2*V/sqrt(l-V*V)); 
printf("Mlirr  =  %f  =  Ml  *  (1  +  M2/(2*s))  =  %f\n", 

Mlirr,  Ml  *  (1  +  M2/(2*s))); 
printf("M2irr  =  %f  =  M2  *  (1  +  Ml/(2*s))  =  %f\n", 

M2irr,  M2  *  (1  +  Ml/(2*s))); 
printf("U  =  %f     V  =  %f\n\n",  U,  V); 
printf("\n  Hit  a  Key  (  <  x  Return>    to  cancel)  .  .  .\n")i 
if  ('x'  ==  getchar())  return(  0  ); 
else  return(  1  ); 

} 

ret  urn  (  1  ); 

} 

int  initialization(s) 
double  s; 

{ 

double  b,c,tmpl,tmp2; 

double  mu,  Eschw,  Jschw,  Sschw; 

double  Mtotal; 

if  (Jtotal  <  =  0.0) 
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{     /*  Fix  the  total  angular  momentum  once  and  for  all.  */ 
/*  For  Test  particle  around  Schwarzschild, 
isotropic  radial  coord.  =  Sstart.  */ 
Mtotal  =  Mlirr  +  M2irr; 
mu  =  Mlirr  *  M2irr  /Mtotal; 

Sschw  =  Sstart  *  (l+Mtotal/(2*Sstart))*(l+Mtotal/(2*Sstart)); 
Eschw  =  mu  *  (Sschw  —  2*Mtotal)  /  sqrt(Sschw*(Sschw  —  3*Mtotal)); 
Jschw  =  mu  *  Sschw  *  sqrt(Mtotal/(Sschw  —  3*Mtotal)); 
Jtotal  =  Jschw; 

tmpl  =  (l-2*Mtotal/Sschw)  *  (1  +  pow(Jtotal/(mu*Sschw),2.0)); 
tmp2  =  (l-2*Mtotal/Sschw)  *  (1  +  pow(Jtotal/(Mtotal*Sschw),2.0)); 
printf(  "Extreme. initialization  Sstart  %g  Sschw  %g  Eschw  %g\n", 

Sstart,  Sschw,  Eschw); 
printf(  "Compare  Eschw  %g  with  [  |"  1/2  mu  %g\n",  Eschw, 

sqrt(tmpl)*mu  ); 
printf("    Jtotal/(mu*Mtotal)  %g  <    2  sqrt(3)  %g\n", 

Jtotal/(mu*Mtotal),  2*sqrt(3.0)); 
assert(fP  !=  NULL); 
fprintf(fP,"Extreme.initialization  Sstart  %g  Sschw  %g  Eschw  %g\n", 

Sstart,  Sschw,  Eschw); 
fprintf(fP,  "Compare  Eschw  %g  with  [  ]"  1/2  mu  +  M  %g\n",  Eschw, 

sqrt(tmp2)*mu); 
fprintf(fP,"   Jtotal/(mu*Mtotal)  %g  <    2  sqrt(3)  %g\n", 
Jtotal/(mu*Mtotal),  2*sqrt(3.0)); 

} 
b  =  2*s  -  Mlirr  +  M2irr; 
c  =  — 2*s*Mlirr; 
Ml  =  (-b+sqrt(b*b-4*c))/2.0; 
b  =  2*s  -  M2irr  +  Mlirr; 
c  =  — 2*s*M2irr; 
M2  =  (-b+sqrt(b*b-4*c))/2.0; 

U  =     Jtotal  /  s  /  sqrt(Ml*Ml  +  Jtotal*Jtotal/(s*s)); 
V  =  -  Jtotal  /  s  /  sqrt(M2*M2  +  Jtotal*Jtotal/(s*s)); 
XI  =     M2  *  sqrt(l-U*U)  *  s  /  (Ml  *  sqrt(l-V*V)  +  M2  *  sqrt(l-U*U)); 
X2  =  -  Ml  *  sqrt(l-V*V)  *  s  /  (Ml  *  sqrt(l-V*V)  +  M2  *  sqrt(l-U*U)); 
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omega  =  U  /  XI; 

if  (!checkJnitialization(s,Jtotal))  return(  0  ); 

else  return(  1  ); 

} 

main() 

{ 
double  a,b,c,fa,fb,fc,fm,prmtrzd(),xniin,fmin,brent( ); 

double  s,brent(),prmtrzd(); 

fP  =  fopen(FILENAME,  "a+"); 

assert(fP  !=  NULL); 

if  (  fabs(Mlirr  -  M2irr)  <    EPSILON  )  EQ_Masses_Flag  =  1; 

fmin  =  Mlirr  +  M2irr; 

assert  (fP  !=  NULL); 

fprintf(fP,"\n  Mlirr%g  M2irr%g  SNewt%g 

Rmax%g\n  DeltaS  %g  Error  %g\n", 
Mlirr,  M2irr,  Sstart,  Panax,  DeltaS,  radError); 
/*  For  scanning  */ 

/*  NOTE:  Must  scane  hi  to  lo  values  of  separation!  */ 

for  (s  =  Sbegin  ;  s  >  =  Send;  s  +=  DeltaS) 

{ 
fin  =  prmtrzd(s); 

if  ((fin  <   finin)&  &  (s  >    STEST)) 

{ 

a  =  s; 

b  =  a  +  DeltaS/5.0; 

} 
fmin  =  fin; 

} 

/*  For  finding  the  extremum  */ 

if  (FIND.MIN  ==  YES) 

{ 

mnbrak(&  a,&  b,&  c,&  fa,&  fb,&  fc,prmtrzd); 
printf("f(x)  =  %g   at    x  =  %g  \n",fa,a); 
printf("f(x)  =  %g   at    x  =  %g  \n",fb,b); 
printf("f(x)  =  %g   at    x  =  %g  \n",fc,c); 
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fprintf(fP,"f(x)  =  %g   at    x  =  %g  \n",fa,a); 

fprintf(fP,"f(x)  =  %g   at    x  =  %g  \n",fb,b); 

fprintf(fP,"f(x)  =  %g   at    x  =  %g  \n",fc,c); 

fflush(fP); 

fmin  =  brent(a,b,fb,c,prmtrzd,TOL,&:  xmin); 

if  ((fT  =  fopen(FTABULAR,"a+"))  !=  NULL) 

{ 

fprintf(fT,"%  ld\n",l); 
fclose(fT); 

} 

printf(  "Extremized  Mass  =  %15.9g  at  the  Separation=%15.9f\n" 

,fmin,xmin); 
fprintf(fP,"\n  Extremized  Mass  =  %15.9g    at    the  Separation=%15.9f\n' 
,fmin,xmin); 

} 
fclose(fP); 

} 

double  prmtrzd(s) 
double  s; 

{ 

double  Minf,Mmax,mVP; 
double  VarylntegralQ; 
if  (initializations))  return(  0.0  ); 
Minf  =  Ml  /  sqrt(l-U*U)  +  M2  /  sqrt(l-V*V); 
mVP  =  Varylntegral()/(16*PI)  —  omega  *  Jtotal;  /*  Second  term  is 

from  Version  A  of  the  V.P.  */ 
Mmax  =  Minf  -  mVP; 
printf( "Jtotal  %f  Minf  %13.9f  -  mVP  %13.9f  =  %13.9f  S  =  %f\n", 

Jtotal,Minf,  mVP,  Mmax,  XI -X2); 
fprintf(fP,  "Jtotal  %f  Minf  %13.9f  -  mVP  %13.9f  =  %13.9f  S  =  %f\n", 

Jtotal,Minf,  mVP,  Mmax,  X1-X2); 
printf("U  =  %g  V  =  %g  and  OMEGA  =  %g  \n",U,V,omega); 
fprintf(fP,"U  =  %13.9g  V  =  %13.9g  and  OMEGA  =  %13.9g  \n" 

,U,V,omega); 
fflush(fP); 
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if  ((fT  =  fopen(FTABULAR,"a+"))  !=  NULL) 

{ 

fprintf(fT,"\n  %7.4f  %7.4f  %  ll.Sf  %18.14  f%18.14f  %18.14f", 

Mlirr,M2irr,Jtotal,Xl-X2,  Mmax,  omega); 
fprintf(fT,"\n  %17.14f  %17.14f  %17.14f  %17.14f  %17.14f  %17.14f  %  Id", 

Ml,       M2,        Minf,     mVP,      U,         V,         0); 
fclose(fT); 

} 

return(Mmax); 

} 

Bracket,  c  is  responsible  for  finding  a  sufficiently  tight  range  of  separa- 
tion parameters  which  bracket  the  extreme,  in  this  case  minimum,  value  of 
the  total  mass  of  the  binary  black  hole  system.  The  algorithm  utilized  the 
"Golden  Section  Search"  based  on  a  self  replicating  interval  ratio  of  0.61803. 
The  convergence  rate  is  only  linear  in  the  number  of  applications,  so  the  al- 
gorithm is  only  used  to  guarentee  the  presence  of  an  extremum  and  establish 
the  optimum  interval  spacing  allowing  the  latest  three  evaluations  to  employ 
parabolic  interpolation  in  the  next  module. 

/*  Bracket. c  */ 

/*  Routine  for  Initially  Bracketing  a  Minimum  */ 
^include  <math.h> 
^include  <stdio.h> 
#define  GOLD  1.618033988750 

#define  GLIMIT        100.0 
#define  TINY  1.0e-16 

#define  MAX(a,b)         ((a)  >  (b)  ?  (a)  :  (b)) 
#define  SIGN(a,b)        ((b)  >  0.0  ?  fabs(a)  :  -fabs(a)) 
#define  SHFT(a,b,c,d)  (a)=(b);(b)=(c);(c)=(d); 
void  mnbrak(ax,bx,cx,fa,fb,fc,func) 
double  *ax,*bx,*cx,*fa,*fb,*fc; 
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double  (*func)(); 

{ 

double  ulim,u,r,q,fu,dum; 
*fa  =  (*func)(*ax); 
*fb  =  (*func)(*bx); 
if  (*fb  >  *fa) 

{ 

SHFT(dum,*ax,*bx,dum) 
SHFT(dum,*fb,*fa,dum) 

} 

*cx  =  (*bx)  +  GOLD  *  (*bx  —  *ax); 
*fc  =  (*func)(*cx); 
while  (*fb  >  *fc) 

{ 

r  =  (*bx  —  *ax)  *  (*fb  —  *fc); 
q  =  (*bx  —  *ex)  *  (*fb  —  *fa); 
u  =  (*bx)  —  ((*bx  —  *cx)  *  q  —  (*bx  —  *ax)  *  r) 

/  (2.0  *  SIGN(MAX(fabs(q-r),TINY),q-r)); 
ulim  =  (*bx)  +  GLIMIT  *  (*cx  -  *bx); 
if  ((*bx  -  u)  *  (u  -  *cx)  >  0.0) 

{ 

fu  =  (*func)(u); 
if  (fu  <  *fc) 


*ax  =  (*bx); 

*bx  =  u; 

*fa  =  (*fb); 

*fb  =  fu; 

return; 

} 

else  if  (fu  >  *fb) 

{ 

*cx  =  u; 

*fc  =  fu; 

return; 

} 
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} 
u  =  (*cx)  +  GOLD  *  (*cx  —  *bx); 
fu  =  (*func)(u); 

} 
else  if  ((*cx  —  u)  *  (u  —  ulim)  >  0.0) 

{ 

fu  =  (*func)(u); 
if  (fu  <  *fc) 

{ 

SHFT(*bx,*cx,u,*cx  +  GOLD  *  (*cx  —  *bx)) 
SHFT(*fb,*fc,fu,(*func)(u)) 
} 
} 
else  if  ((u  —  ulim)  *  (ulim  —  *cx)  >=  0.0) 

{ 

u  =  ulim; 
fu  =  (*func)(u); 

} 
else 

{ 

u  =  (*cx)  +  GOLD  *  (*cx  —  *bx); 
fu  =  (*func)(u); 

} 
SHFT(*ax,*bx,*cx,u) 
SHFT(*fa,*fb,*fc,fu) 
} 


Brent,  c  uses  a  very  powerful  one  dimensional  minimization  technique 
which  tracks  the  the  progress  of  the  the  search  in  order  to  decide  which  of  two 
method  to  use  to  continue  the  search.  A  parabolic  interpolation  is  applied  to 
each  successive  evaluation  while  satisfactory  convergence  rates  are  achieved. 
The  convergence  of  the  method  is  superlinear,  possessing  a  convergence  rate 
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that  increases  with  each  successive  evaluation.    In  the  event  that  such  rapid 
convergence  falters,  the  algorithm  will  utilize  the  "Golden  Section  Search". 

/*  Brent. c  */ 

/*  Routine  to  isolate  the  minimum  of  a  one  parameter 

function  once  it  is  bracketed  by  mnbrak()  */ 

^include  <math.h> 
^include  <stdio.h> 
#define  ITMAX  100 

#define  CGOLD  0.38196601125 

#define  ZEPS  1.0e-10 

#define  SIGN(a,b)        ((b)  >  0.0  ?  fabs(a)  :  -fabs(a)) 
#define  SHFT(a,b,c,d)  (a)=(b);(b)=(c);(c)=(d); 
double  brent( ax,bx,fbx,cx,f ,tol,xmin) 

double  ax,bx,fbx,cx,tol,*xmin; 

double  (*f)(); 

{ 

int  iter; 

double  a,b,d,etemp,fu,fv,fw,fx,p,q,r,toll  ,tol2,u,v,w,x,xm; 
double  e  =  0.0; 
a  =  ((ax  <  ex)  ?  ax  :  ex); 
b  =  ((ax  >  ex)  ?  ax  :  ex); 
x  =  w  =  v  =  bx; 
fw  =  fv  =  f x  =  fbx; 
for  (iter  =  l;iter  <=  ITMAX;iter++) 

{ 

xm  =  0.5  *  (a  +  b); 

tol2  =  2.0  *  (toll  =  tol  *  fabs(x)  +  ZEPS); 
if  (fabs(x-xm)  <  =  (tol2  -  0.5  *  (b  -  a))) 

{ 
*xmin  =  x; 

return(fx); 

} 
if  (fabs(e)  >  toll) 
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{ 

r  =  (x  —  w)  *  (fx  —  fv); 

q  =  (x  —  v)  *  (fx  —  fw); 

p  =  (x  —  v)  *  q  —  (x  —  w)  *  r; 

q  =  2.0  *  (q  -  r); 

if  (q  >  0.0)  p  =  -p; 

q  =  fabs(q); 

etemp  =  e; 

e  =  d; 

if  (fabs(p)  >=  fabs(0.5*q*etemp)||p  <=  q*(a— x)||p  >=  q*(b— x)) 

{ 
d  =  CGOLD  *  (e=(x  >=  xm  ?  a-x  :  b-x)); 

} 

else 

{ 

d  =  p  /  q; 
u  =  x  +  d; 

if  (u-a  <  tol2  ||  b-u  <  tol2) 
d  =  SIGN(toll,xm-x); 

} 

} 
else 

{ 
d  =  CGOLD  *  (e=(x  >=  xm  ?  a-x  :  b-x)); 

} 

u  =  (fabs(d)  >=  toll  ?  x+d  :  x  +  SIGN(toll,d)); 
fu  =  (*f)(u); 
if  (fu  <=fx) 

{ 

if  (  u  >=  x)  a  =  x;  else  b  =  x; 
SHFT(v,w,x,u) 
SHFT(fv,fw,fx,fu) 

} 
else 

{ 
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if  (u  <  x)  a  =  u;  else  b  =  u; 
if  (fu  <=  fw  ||  w  ==  x) 

{ 

v  =  w; 
w  =  u; 
fv  =  fw; 
fw  =  fu; 

} 
else  if  (fu  <=  fv  ||  v  ==  x  ||  v  ==  w) 

{ 

v  =  u; 
fv  =  fu; 
} 
} 
} 
printf'Too  many  iterations  in  BRENT()\n"); 
*xmin  =  x; 
return(fx); 
} 

Evaluate,  c  controls  the  process  of  evaluating  the  complete  three  dimen- 
sional volume  integral.  Depending  on  the  locations  and  masses  of  the  two  black 
holes,  the  volume  is  divided  up  into  several  regions  possessing  useful  symme- 
tries. Each  region  is  evaluated  differently  depending  on  the  local  symmetry 
of  the  region.  A  local  spherical  coordinate  system  is  established  allowing  all 
regions  to  be  evaluated  with  a  single  spherically  symmetric  integration  routine. 

/*  Evaluate. c  */ 

^include  <stdio.h> 

^include  <math.h> 

^include  <assert.h> 

#define  fmax(a,b)  (((a)  >  (b))  ?  (a)  :  (b)) 

#define  fmin(a,b)  (((a)  <  (b))  ?  (a)  :  (b)) 
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/*  double  Varylntegral(void)    calculates  the  entire  variational  integral. 
This  integral  is  broken  up  into  a  number  of  parts. 
First  the  hot  spots  near  each  black  hole  are  done.  Then  working 
from  the  inside  out, 

From  r  =  0  to  the  inside  edge  of  the  more  massive  black  hole. 
If  the  holes  themselves  overlap: 
The  situation  is  ultrarelativistic.  Might  as  well  just  integrate 
from  the  origin  out  to  infinity  with  no  messing  around. 
OR,  for  the  time  being,  set  the  maximum  radius  of  a  given  hole 
at  its  offset  from  the  origin, 
else  if  the  holes  radii  overlap  : 
From  inner  edge  of  more  massive  to  inner  edge  of  less  massive. 
From  inner  edge  of  less  massive  to  outer  edge  of  more  massive 
From  outer  edge  of  more  massive  to  outer  edge  of  less  massive, 
else  they  don't  overlap: 
Across  diameter  of  more  massive. 
Between  the  holes. 
Across  diameter  of  less  massive, 
endif. 

Finally,  from  outer  edge  of  outer  hole  to  infinity, 
double  full_VaryIntegral(double  xoff,double  yoff,double  zoff,double  rmin, 

double  rmax) 
does  the  full  variational  integral  centered  at  the  offset, 
from  rmin  to  rmax. 
double  part_VaryIntegral(double  xl,  double  rl,  double  x2,  double  r2, 

double  rmin,  double  rmax); 
does  the  variational  integral  centered  at  the  origin  but  avoids  the 
hot  spots  around  each  hole. 

*/ 

extern  FILE  *fP; 

extern  int  EQ_Masses_Flag; 

extern  long  int  TIMES; 

extern  double  U,  V,  Ml,  M2,  XI,  X2,  omega; 

extern  double  Rmax; 

double  Rl,  R2;  /*  Radii  of  the  hot  spots  around  the  holes.  */ 
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/* 

double  VolumeIntegral( double  (*integrand)(double  x,  double  y,  double  z), 
double  rmin,  double  rmax, 
double  xoff,  double  yoff,  double  zoff, 
double  xl,  double  rl,  double  x2,  double  r2,  int  holes); 

*/ 

double  fulL Vary Integral(xoff,yoff,zoff,rmin, rmax ) 

double  xoff,yoff,zoff,rmin,rmax; 

{ 
double  VolumeIntegral(),VPintegrand(); 

return  VolumeIntegral(VPintegrand,  rmin,  rmax,  xofF,  yoff,  zoff, 

0.0,  0.0,  0.0,  0.0,  0);  /*  0  is  no  holes.*/ 

} 

double  part_VaryIntegral(xl,rl,x2,r2,rmin,rmax) 

double  xl,rl,x2,r2, rmin, rmax; 

{ 

double  VolumeIntegral(),VPintegrand( ); 

return  VolumeIntegral(VPintegrand,  rmin,  rmax,  0.0,  0.0,  0.0, 
xl,  rl,  x2,  r2,  1);  /*  1  is  hole(s).  */ 

} 

int  dcomp(dl,d2) 
double  *dl,*d2; 

{ 

if  (*dl  >=  *d2)  return  1; 
else  return  —1; 

} 

double  Varylntegral( ) 

{ 

double  r[4],absXl,  absX2,outer2,VParound2; 

double  VPl,VP2,VPinnermost,VPinner,VPmiddle,VPouter,VPoutermost; 
double  full_VaryIntegral(),part_VaryIntegral(); 

assert(fP  !=  NULL); 
absXl  =  fabs(Xl); 
absX2  =  fabs(X2); 
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if  (EQ_Masses_Flag) 

{ 

Rl  =  fmin(2.0*Ml,fabs(X2-Xl)/4.0); 
R2  =  Rl; 

} 
else 

{ 

Rl  =  fmin(2.0*Ml,  fabs(X2-Xl)/4.0); 
R2  =  fmin(100.0*M2,  fabs(X2-Xl)/4.0); 

} 

printf("\nMl  %g   Rl  %g  XI  %g\nM2  %g  R2  %g  X2  %g\n", 

Ml,  Rl,  XI,  M2,  R2,  X2); 
fprintf(fP,  "\nMl  %g    Rl  %g  XI  %g\nM2  %g  R2  %g  X2  %g\n", 

Ml,  Rl,  XI,  M2,  R2,  X2); 
r[0]  =  fabs(absXl  -  Rl); 
r[l]  =  absXl  +  Rl; 
r[2]  =  fabs(absX2  -  R2); 
r[3]  =  absX2  +  R2; 
qsort(r,  4,  sizeof( double),  dcomp); 

printf(  "Sorted  Radii  %g  %g  %g  %g\n",  r[0],  r[l],  r[2],  r[3]); 
fprintf(fP, "Sorted  Radii  %g  %g  %g  %g\n",r[0],r[l],r[2],r[3]); 
TIMES  =  0; 

VP1  =  full_VaryIntegral(Xl,  0.0,  0.0,  0.001*M1,  Rl); 
printf("TIMES  %ld    Hole  #1  %g\n",  TIMES,  VP1); 
fprintf(fP, "TIMES  %ld    Hole  #1  %g\n",  TIMES,  VP1); 
fflush(fP); 
if  (M2  <  0.99*M1) 

{ 

TIMES  =  0; 

outer2  =  fmin(10*M2,R2); 

VParound2  =  full_VaryIntegral(X2,0.0,0.0,0.001*M2,outer2); 
printf( "TIMES  %ld    Around  Hole  #2  %g\n",  TIMES,VParound2); 
fprintf(fP,  "TIMES  %ld   Around  Hole  #2  %g\n",TIMES,VParound2); 
fflush(fP); 
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else 

{ 

VParound2  =  0.0; 
outer2  =  0.001*M2; 

} 

TIMES  =  0; 
if  (EQ_Masses_Flag) 

VP2  =  VP1; 
else 

VP2  =  full_VaryIntegral(X2,  0.0,  0.0,  outer2,  R2); 
printf( "TIMES  %ld    Hole  #2  %g\n",  TIMES,  VP2); 
fprintf(fP,  "TIMES  %ld   Hole  #2  %g\n",  TIMES,  VP2); 
fflush(fP); 
if  (Rl  <  absXl  &&  R2  <  absX2) 

{ 

TIMES  =  0; 

VPinnermost  =  full_VaryIntegral(0.0,  0.0,  0.0,  0.0,  r[0]); 

fprintf(fP,  "TIMES  %ld  innermost  %g\n",TIMES,VPinnermost); 

printf( "TIMES  %ld  innermost  %g\n",TIMES,VPinnermost); 

fflush(fP); 

} 
else 

VPinnermost  =  0.0;  /*  else  there  is  no  innermost  region.  */ 
TIMES  =  0; 

VPinner  =  part.VaryIntegral(Xl,Rl,X2,R2,r[0],r[l]); 
printf( "TIMES  %ld  inner  %g\n", TIMES,  VPinner); 
fprintf(fP, "TIMES  %ld    inner  %g\n",TIMES,VPinner); 
fflush(fP); 
TIMES  =  0; 

VPmiddle  =  part_VaryIntegral(Xl,Rl,X2,R2,r[l],r[2]); 
printf(  "TIMES  %ld  Middle  %g\n",TIMES,VPmiddle); 
fprintf(fP, "TIMES  %ld  Middle  %g\n", TIMES, VPmiddle); 
fflush(fP); 
TIMES  =  0; 
VPouter  =  part_VaryIntegral(Xl,Rl,X2,R2,r[2],r[3]); 
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printf( "TIMES  %ld  Outer  %g\n",TIMES,VPouter); 

fprintf(fP, "TIMES  %ld  Outer  %g\n", TIMES, VPouter); 

fflush(fP); 

TIMES  =  0; 

VPoutermost  =  fulLVaryIntegral(0.0,0.0,0.0,r[3],Rmax); 

printf( "TIMES  %ld  outermost  %g\n",TIMES,VPoutermost); 

fprintf(fP, "TIMES  %ld  outermost  %g\n",TIMES,VPoutermost); 

fflush(fP); 

return  (VPl+VParound2+VP2+VPinnermost+VPinner+VPmiddle 

+VPouter+VPoutermost); 
} 

Fastvol.c  is  the  module  actually  responsible  for  the  numerical  evaluation 
of  the  integrand  over  a  region  described  by  spherical  coordinates.  A  very  pow- 
erful extension  of  the  Romberg  method  is  used  on  each  of  the  three  dimensions 
to  guarantee  accuracy  over  regions  which  contain  prodigious  structure,  as  is  the 
case  near  the  throats  of  the  black  holes.  The  integration  tracks  trouble  spots 
within  each  one  dimensional  integration  and  concentrates  on  these  regions  by 
locally  adding  more  functional  evaluations  to  the  integrand  in  the  context  of 
the  Romberg  scheme. 

/*  Fast  Vol.  c  */ 

/*  Has  step  size  halving  control.  */ 

/*  A  quality  controlled  integrator  over  a  spherical  volume. 

This  allows  for  an  offset  and  for  the  presence  of  two  holes 

in  the  region  of  integration. 

*/ 

^include  <stdio.h> 

^include  <math.h> 

# include  <assert.h> 

#define  MJPI         3.14159265359 

#define  SMALL        1.0e-7 
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#define  VERYSMALL  l.Oe-10 

^define  JMAX        15  /*  Max  halves. =KMAX  fast,>KMAX  otherwise*/ 
#define  KMAX         5  /*  Romberg  of  order  2K  */ 
#define  LMAX        16  /*  2  **  (KMAX-1)  */ 
#define  KMIN         3 

#define  fmin(a,b)  (((a)  <  (b))  ?  (a)  :  (b)) 
extern  FILE  *fP; 
extern  long  int  TIMES; 
extern  double  radError, 
thetaError, 
phiError; 
int  HOLES; 
double  locaLxl, 

local_x2, 

locaLrl, 

local_r2, 

locaLxoff, 

locaLyoff, 

locaLzoff, 

locaLradius, 

locaLtheta; 
double    (*local_integrand)(); 
void  polint(xa,ya,n,x,y,dy) 
int  n; 
double  *xa,*ya,x,*y,*dy; 

{ 

int  i,  m,  ns  =  1; 

double  den,  dif,  dift,  ho,  hp,  w; 

double  c[JMAX+2],  d[JMAX+2]; 

dif  =  fabs(x— xa[l]); 

for  (i  =  1;  i  <=  n;  i++) 

{ 
if  ((dift  =  fabs(x  -  xa[i]))  <  dif) 

{ 
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dif  =  dift; 

} 

c[i]  =  ya[i]; 
d[i]  =  ya[i]; 

} 

*y  =  ya[ns ]; 

for  (m  =  1;  m  <  n;  m++) 

{ 

for  (i  =  1;  i  <=  n— m;  i++) 

{ 

ho  =  xa[i]  —  x; 
hp  =  xa[i+m]  —  x; 
w  =  c[i+l]  -  d[i]; 

if  ((den  =  ho-hp)  ==  0.0)  assert(O); 
den  =  w/den; 
d[i]  —  hp  *  den; 
c[i]  =  ho  *  den; 

} 

*y  +=  (*dy  =  (2*ns  <  (n— m)  ?  c[ns+l]  :  d[ns ])); 

} 

} 

double  trapzd(funct,a,b,n,current_s,current_it) 

int  n,*currentit; 

double  (*funct)( ),a,b,*current_s; 

{ 

long  int  j; 

double  tnm,  del,  sum,  x,  f; 
assert(a!=b); 
if(n==l) 

{ 

*current_it  =  1;  /*  number  pts  to  be  added  next  call.  */ 

return  (*current_s  =  0.5  *  (b— a)  *  ((*funct)(a)  +  (*funct)(b))); 

} 

else 

{ 
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tnm  =  (double)  *currentJt; 

del  =  (b— a)/tnm; 

x  =  a  +  0.5  *  del; 

sum  =  0.0; 

for  (j  =  0;  j  <  *currentJt;  j++) 

{ 

sum  +=  (f  =  (*funct)(x)); 
x  =  x  +  del; 

} 

*current_it  *=  2; 

return  (*current_s  =  0.5  *  (  *current_s  +  (b— a)*sum/tnm)); 

} 

} 

double  Qromb(integrand,a,b,error) 

double  (*integrand)(),a,b,error; 

{ 

int  curr_it,j,  k; 

double  ss,  dss,s[JMAX+2],  h[JMAX+2],curr_s; 
double  trapzd(); 
void  polint(); 
h[l]  =  1.0; 
for(j  =  l;j  <=  JMAX;j++) 

{ 
s[j]  =  trapzd(integrand,  a,  b,  j,  &curr_s,  &curr_it); 

if  (j  >=  KMIN) 

{ 

k  =  fmin(j,  KMAX); 

polint(&h[j-k],  &s[j-k],  k,  0.0,  &ss,  &dss); 
if  (fabs(dss)  <  error  /*  *  fabs(ss)  */) 

{  /*  success  */ 

return  ss; 

} 

/* 

print  Jnter  =  1; 

polint(&h[j— k],  &s[j— k],  k,  0.0,  &ss,  &dss); 
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*/ 

} 
sli+1]  =  s[j]; 
h[j+l]  =  0.25*h[j]; 

} 
assert(O);  /*  Too  many  steps.  */ 
return  0.0; 

} 

/*  Qrombinf  */ 

/*  allows  region  of  integration  to  extend  out  to  infinity.  */ 

#define  FUNC(x)  ((*funk)(1.0/(x))/((x)*(x))) 

double  inf_trapzd(funk,f,a,b,n,it,s) 

int  n,*it; 

double  (*funk)(),*f,a,b,*s; 

/*  The  array  f[]  contains  all  but  the  last  needed 
refinement  of  the  function.  */ 

{ 

int  j,l,lstart,lplus; 
double  tnm,del,sum,x; 
assert(a!=b); 
if(n==l) 

{ 

*it  =  1;  /*  number  of  points  to  be  added  on  the  next  call.  */ 
return  (*s  =  0.5  *  (b-a)  *  (f[0]  +  f[LMAX])); 

} 
else 

{ 

tnm  —  (double)  *it; 
if  (n  <  KM  AX) 

{ 

lplus  =  LMAX  /  *it; 
lstart  =  lplus  /  2; 
for  (sum  =  0.0,  1  =  lstart;  1  <  LMAX;  1  +=  lplus) 

{ 
sum  +=  f[l]; 
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} 

} 
else 

{ 

del  =  (b— a)/tnm; 

x  =  a  +  0.5  *  del; 

assert(*it  ==  LMAX/2); 

for  (sum  =  0.0,  j  =  0;  j  <  *it;  j++) 

{ 

f[l+2*j]  =  FUNC(x); 
sum  +=  f[l+2*j]; 
x  =  x  +  del; 
} 
} 
*it  *=  2; 

return  (*s  =  0.5  *  (  *s  +  (b— a)*sum/tnm)); 
} 
} 

double  inf_QrombSla.ve(funk,f,a,b,error) 
double  (*funk)(),*f,a,b,error; 

{ 
int  curr_it,l,j; 

double  curr_s,ss,dss,s[JMAX+2],h[JMAX+2], 

first  j|LMAX+l],first_s,second_s; 
double  inf_trapzd(),inf_QrombSlave( ); 
void  polint(); 

/* 

printf(  "enter  QrombS  from  %g  to  %g\n",  a,  b); 
for  (1  =  0;  1  <=  LMAX;  1  +=2) 

{ 
printf("l%d    f  %g\n",l,  f[l]); 

} 
*/ 

h[l]  =  1.0; 
for  (j  =  1;  j  <=  JMAX;  j++) 
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{ 

s[j]  =  inf_trapzd(funk,  f,  a,  b,  j,  &curr  jt,  &xurr_s); 
if  (j  >=  KM  AX) 

{ 

polint(&h[j-KMAX],  &s[j-KMAX],  KMAX,  0.0,  &ss,  &dss); 

ss,  error,  dss);  */ 
if  (fabs(dss)  <  error  /*  *  fabs(ss)  */) 

{  /*  success  */ 

return  ss; 

} 
else 
{  /*  halve  the  interval  and  recurse.  */ 
for  (1  =  0;  1  <=  LMAX/2;  1++) 

{ 

first  _f[2*l]  =  f[l]; 

} 
first-s  =  inf_QrombSlave(funk,  first_f,  a,  (b+a)/2.0,  error); 
for  (1  =  0;  1  <=  LMAX/2;  1++) 

{ 
first  _f[2*l]  =  f[l+LMAX/2]; 

} 
second_s  =  inf_QrombSlave(funk,  first  _f,  (b+a)/2.0,  b,  error); 
return  first_s  +  second_s; 
} 
} 
assert(j  <  KMAX); 

Bfi+1]  =  s[j]; 
h[j+l]  =  0.25*h[j]; 

} 

assert(O);  /*  Too  many  steps.  */ 
return  0; 

} 

double  inf_QrombDriver(funk,aa,bb,error) 

double  (*funk)(),aa,bb, error; 

{ 
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int  1; 

double  f[LMAX+l],  del,  a,  b,  x; 

double  inf_QrombSlave(); 

b  =  1.0/aa; 

a  =  1.0/bb; 

del  =  (b  -  a)/LMAX; 

for  (1  =  0;  1  <=  LMAX;  1  +=  2) 

{ 

x  =  a  +  1  *  del; 
f[l]  =  FUNC(x); 

} 
/*  printf(  "inLQrombDriver  error  %g\n",  error);  */ 
return  inf_QrombSlave(funk,  f,  a,  b,  error); 

} 

#undef  FUNC 

double  New_trapzd(funct,f,a,b,n,it,s) 

int  n,*it; 

double  (*funct)(),*f,a,b,*s; 

/*  The  array  f[]  contains  all  but  the  last  needed  refinement 
of  the  function.  */ 

{ 

int  j,  1,  1st  art,  lplus; 
double  tnm,  del,  sum,  x; 
assert(a!=b); 
if(n==l) 

{ 

*it  =  1;  /*  number  of  points  to  be  added  on  the  next  call.  */ 
return  (*s  =  0.5  *  (b-a)  *  (f[0]  +  f[LMAX])); 

} 

else 

{ 

tnm  =  (double)  *it; 
if  (n  <  KMAX) 

{ 
lplus  =  LMAX  /  *it; 
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1st  art  =  lplus  /  2; 

for  (sum  =  0.0,  1  =  lstart;  1  <  LMAX;  1  +=  lplus) 

{ 

sum  +=  f[l]; 

} 

} 
else 

{ 

del  =  (b— a)/tnm; 

x  =  a  +  0.5  *  del; 

assert(*it  ==  LMAX/2); 

for  (sum  =  0.0,  j  =  0;  j  <  *it;  j++) 

{ 

f[l+2*j]  =  (*funct)(x); 
sum  +=  f[l+2*j]; 
x  =  x  +  del; 
} 
} 
*it  *=  2; 

return  (*s  =  0.5  *  (  *s  +  (b— a)*sum/tnm)); 
} 
} 

double  QrombSlave(func,f,a,b,error) 
double  (*func)(),*f,a,b,error; 

{ 

int  j,l,curr_it; 
double  curr_s,ss,dss,s[JMAX+2],h[JMAX+2], 

nrst_f[LMAX+l],first_s,second_s; 
double  New_trapzd( ),QrombSlave(); 
void  polint(); 

h[l]  =  1.0; 

for  (j  =  1;  j  <=  JMAX;  j++) 

{ 

s[j]  =  New_trapzd(func,  f,  a,  b,  j,  &curr_it,  &curr_s); 
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if  (j  >=  KMAX) 

{ 

polint(&h[j-KMAX],  &s[j-KMAX],  KMAX,  0.0,  &ss,  &dss); 
if.  (fabs(dss)  <  error  /*  *  fabs(ss)  */) 
{  /*  success  */ 
return  ss; 

} 
else 

{  /*  halve  the  interval  and  recurse.  */ 
for  (1  =  0;  1  <=  LMAX/2;  1++) 

{ 
first_f[2*l]  =  f[l]; 

} 

first_s  =  QrombSlave(func,  first_f,  a,  (b+a)/2.0,  error); 
for  (1  =  0;  1  <=  LMAX/2;  1++) 

{ 
first  J[2*l]  =  f[l+LMAX/2]; 

} 

second_s  =  QrombSlave(func,  first_f,  (b+a)/2.0,  b,  error); 

return  first_s  +  second_s; 
} 
} 
assert(j  <  KMAX); 

sL)  +  l]  =  s[J]; 

h[j+l]  =  0.25*h[j]; 

} 

assert(O);  /*  Too  many  steps.  */ 
return  0; 

} 

double  QrombDriver(func,a,b,error) 
double  (*func)(),a,b,error; 

{ 
int  1; 

double  f[LMAX+l],  del; 
double  QrombSlave(); 
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for  (1  =  0;  1  <=  LMAX;  1  +=  2) 

{ 

del  =  (b  -  a)/LMAX; 
f[l]  =  (*func)(a  +  1  *  del); 

} 
return  QrombSlave(func,  f,  a,  b,  error); 

} 

double  volume_element(rad,the,phi) 
double  rad,the,phi; 

{ 

double  x,y,z,Jacobian,  ret; 
TIMES++; 
if  (!(TIMES  %  5000)) 
printf("volume_element  TIMES  %ld\n",  TIMES); 

/* 

x  =  rad*sin(the)*cos(phi); 
y  =  rad*sin(the)*sin(phi); 
z  =  rad*cos(the); 

*/ 

/*  We  have  the  holes  on  the  x— axis  but  the  grid  points  are 

clustered  near  small  values  of  theta.    So  let 

(x,y,z)  —  >  (y,z,x)  to  put  the  phi  =  0  axis 

at  the  x— axis. 

*/ 

y  =  rad*sin(the)*cos(phi)  +  locaLyoff; 
z  =  rad*sin(the)*sin(phi)  +  locaLzoff; 
x  =  rad*cos(the)  +  locaLxoff; 
Jacobian  =  rad*rad*sin(the); 
assert (locaLintegr and  !=  NULL); 
ret  =  (*local_integrand)(x,y,z); 
ret  =  ret  *  Jacobian; 
return(ret); 

} 

double  phLintegrand(phi) 
double  phi; 
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{ 

double  result ,volume_element(); 

result  =  volume_element(local_radius,  locaLtheta,  phi); 

return  result; 

} 

double  theta_integrand(theta) 
double  theta; 

{ 

double  result,  phLupper,  phLlower; 

double  Qromb(),phiJntegrand(); 

locaLtheta  =  theta; 

if  (sin(theta)  <  SMALL)  return  0.0; 

phLlower  =  0.0;  /*  only  one  quarter  covered  from  symmetry.  */ 

phLupper  =  M_PI/2.0; 

result  =  4.0  *  Qromb(phiJntegrand,phiJower,phLupper,phiError); 

return  result; 

} 

double  radiaLintegrand(r) 
double  r; 

{ 

double  result, theta_upper,theta_lower, costheta; 
double  QrombDriver(),theta_integrand(); 
if  (fabs(r)  <  VERYSMALL)  return  0.0; 
locaLradius  =  r; 
if  (HOLES) 

{ 

assert(local_xl  >  local_x2);  /*  else  limits  of  costheta  wrong?  */ 
costheta  =  (locaLxl  *  locaLxl  —  locaLrl  *  locaLrl  +  r  *  r) 

/  (2  *  locaLxl  *  r); 
if  (costheta  <  1.0  &&  costheta  >  -1.0) 

{ 

theta_lower  =  acos(costheta); 

} 

else 

{ 
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theta_lower  =  0.0; 

} 

costheta  =  (local_x2  *  local_x2  —  local_r2  *  local_r2  +  r  *  r) 

/  (2  *  local_x2  *  r); 
if  (costheta  <  1.0  &&  costheta  >  —1.0) 

{ 

theta_upper  =  acos(  costheta); 

} 

else 

{ 
theta_upper  =  M_PI; 

} 
} 
else 

{ 

theta_upper  =  M_PI; 
thetaJower  =  0.0; 

} 

result = 

QrombDriver(theta_integrand,theta_lower,theta_upper,thetaError); 
return  result; 

} 

double  VolumeIntegral(integrand,rmin,rmax,xoff, 

yofF,zoff,xl,rl,x2,r2,holes) 
int  holes; 

double  (*integrand)(),rmin,rmax, 
xoff,yoff  ,zoff,xl  ,rl  ,x2,r2; 

{ 

double  result; 

double  QrombDriver(),inf_QrombDriver(), 

radial  Jntegrand( ); 
locaLxoff  =  xofF; 
locaLyofF  =  yoff; 
locaLzoff  =  zoff; 
locaLintegrand  =  integrand; 
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HOLES  =  holes; 
if  (holes  !=  0) 

{ 

locaLxl  =  xl; 
local_x2  =  x2; 
locaLrl  =  rl; 
local_r2  =  r2; 

} 

else 

{ 

locaLxl  =  0; 
local_x2  =  0; 
locaLrl  =  0; 
local_r2  =  0; 

} 
printf("FastVol.VolumeIritegral  from  %f  to  %f\n",rmin,rmax); 
if(fabs(rmax-rmin)  <  VERYSMALL)  return  0.0; 
if  (HOLES  ==  0  &&  rmin  >  0.1  &&  rmax  >  20.0) 

{  /*  use  inf  functions.  */ 
result  =  inLQrombDriver(radialJntegrand,rmin,rmax,radError); 

} 
else 

{ 

if  (HOLES==0&&local_xofF!=0.0&&rmin<SMALL)  rmin=SMALL; 
result  = 
QrombDriver(radial_integrand,  rmin,  rmax,  radError); 

} 

return  result; 

} 

Scalar5b.c  is  where  the  all  necessary  geometric  quantities  for  evaluating 
the  integrand  of  the  variational  method  are  determined.  The  evaluation  is 
carried  out  based  on  the  location  of  the  infinitesimal  volume  element  in  terms 
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of  Cartesian  coordinates.  This  module  is  the  most  time  consuming  element  of 
the  entire  program,  carrying  out  on  the  order  of  two  thousand  floating  point 
operations  for  each  infinitesimal  volume  element  evaluated. 

/*  Scalar5b.c  */ 
^include  <math.h> 
^include  <stdio.h> 
double  VPintegrand(x,y,z) 
double  x,y,z; 

{ 
double  rhol,drhol_dx,drhol_dy,drhol_dz,d2rhol_dxdx, 

d2rhol_dydy,d2rhol_dzdz,d2rhol_dxdy,d2rhol_dxdz, 

d2rho  1  _dydz  ,d2rho  1  _dy  dx ,  d2rhol  _dzdx  ,d2rho  1  _dzdy ; 
double  rho2,drho2_dx,drho2_dy,drho2_dz,d2rho2_dxdx, 

d2rho2_dydy,d2rho2_dzdz,d2rho2.dxdy,d2rho2_dxdz, 

d2rho2_dydz,d2rho2_dydx,d2rho2_dzdx,d2rho2_dzdy; 
double  common,dcommon_drhol,dcommon_drho2, 

dcommon_dx ,  dcommon_dy,dcommon_dz ; 
double  d2common_drholdrhol ,d2common_drholdrho2, 

d2common_drho2drho2,d2common_dxdx,d2common_dydy, 

d2common_dzdz  ,d2common_dxdy,d2commomdxdz , 

d2common_dydz,d2common_dydx,d2common_dzdx, 

d2common_dzdy ; 
double  PSI,dPSLdrhol,dPSI_drho2,dPSLdx, 

dPSI_dy,dPSLdz; 
double  d2PSLdrholdrhol  ,d2PSI_drholdrho2, 

d2PSLdrho2drho2,d2PSI_dxdx,d2PSI_dydy, 

d2PSI_dzdz,d2PSLdxdy,d2PSI_dxdz, 

d2PSI_dydz,d2PSLdydx,d2PSLdzdx,d2PSI_dzdy; 
double  psil,dpsil_drhol,dpsil_drho2,dpsil_dx, 

dpsi  1  _dy,  dpsi  1  _dz ; 
double  d2psil_drholdrhol,d2psil_drholdrho2, 

d2psi  1  _drho2drho2,d2psi  1  _dxdx,d2psi  1  _dydy,d2psi  l_dzdz , 

d2psil_dxdy,d2psil_dxdz,d2psil_dydz,d2psil_dydx, 


132 

d2psi  1  _dzdx  ,d2psil  _dzdy ; 

double  psi2,dpsi2_drhol,dpsi2_drho2,dpsi2_dx, 
dpsi2_dy,dpsi2_dz; 

double  d2psi2_drholdrhol,d2psi2_drholdrho2, 

d2psi2_drho2drho2,d2psi2_dxdx,d2psi2_dydy,d2psi2_dzdz, 

d2psi2_dxdy,d2psi2_dxdz,d2psi2_dydz,d2psi2_dydx, 

d2psi2_dzdx,d2psi2_dzdy; 

double  QU_PSI,dQU_PSLdrhol,dQU_PSI_drho2, 
dQU_PSLdx,dQU.PSI_dy,dQU_PSLdz; 

double  d2QU_PSLdrholdrhol,d2QU_PSLdrholdrho2, 

d2QU_PSLdrho2drho2,d2QU_PSLdxdx,d2QU_PSI_dydy, 
d2QU_PSLdzdz,d2QU_PSI_dxdy,d2QU_PSLdxdz, 
d2QU_PSLdydz,d2QU_PSLdydx,d2QU_PSLdzdx, 
d2QU_PSLdzdy; 

double  qu_psil,dqu_psil_drhol,dqu_psil_drho2, 
dqu_psi  1  _dx,  dqu-psi  1  _dy,dqu_psi  1  _dz ; 

double  d2qu_psil_drholdrhol,d2qu_psil_drholdrho2, 

d2qu_psil_drho2drho2,d2qu_psil-dxdx,d2qu_psil_dydy, 
d2qu_psi  1  _dzdz  ,d2qu_psi  1  _dxdy,d2qu_psi  1  _dxdz , 
d2qu_psi  1  _dy  dz  ,d2qu_psi  1  _dydx ,  d2qu_psi  1  _dzdx , 
d2qu_psil_dzdy; 

double  qu_psi2,dqu_psi2_drhol,dqu_psi2_drho2, 
dqu_psi2_dx,dqu_psi2_dy,dqu_psi2.dz; 

double  d2qu_psi2_drholdrhol,d2qu_psi2_drholdrho2, 

d2qu_psi2_drho2drho2,d2qu_psi2_dxdx,d2qu_psi2_dydy, 
d2qu_psi2_dzdz,d2qu_psi2_dxdy,d2qu_psi2_dxdz, 
d2qu_psi2_dydz,d2qu_psi2_dydx,d2qu_psi2_dzdx, 
d2qu_psi2_dzdy; 

double  al  ,dal_drhol ,dal _drho2,dal _dx,dal _dy,dal _dz ; 

double  d2al_drholdrhol,d2al_drholdrho2,d2al_drho2drho2, 
d2al_dxdx,d2al_dydy,d2al_dzdz,d2al_dxdy, 
d2al.dxdz,d2al_dydz,d2al_dydx,d2al.dzdx,d2al_dzdy; 

double  a2,da2_drhol,da2_drho2,da2.dx,da2_dy,da2_dz; 

double  d2a2_drholdrhol,d2a2_drholdrho2,d2a2_drho2drho2, 
d2a2_dxdx,d2a2_dydy,d2a2_dzdz,d2a2_dxdy, 
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d2a2_dxdz,d2a2_dydz,d2a2_dydx,d2a2.dzdx,d2a2_dzdy; 
double  alphal  ,dalphal _drhol ,dalphal _drho2,dalphal _dx,dalphal _dy, 

dalphal_dz; 
double  d2alphal_drholdrhol,d2alphal_drholdrho2,d2alphal_drho2drho2, 

d2alphal  _dxdx,d2alphal  _dydy,d2alphal  _dzdz  ,d2alphal  -dxdy, 

d2alphal_dxdz,d2alphal_dydz,d2alphal_dydx,d2alphal_dzdx, 

d2alphal_dzdy; 
double  alpha2 , dalpha2  _drho  1 , dalpha2 _drho2 ,  dalpha2  _dx , dalpha2  _dy, 

dalpha2_dz; 
double  d2alpha2_drholdrhol,d2alpha2_drholdrho2,d2alpha2_drho2drho2, 

d2alpha2_dxdx,d2alpha2_dydy,d2alpha2_dzdz,d2alpha2_dxdy, 

d2alpha2_dxdz,d2alpha2_dydz,d2alpha2_dydx,d2alpha2_dzdx, 

d2alpha2_dzdy; 
double  sq_alphal,dsq_alphal_drhol,dsq_alphal_drho2, 

dsq.alphal  _dx,dsq_alphal  _dy,dsq_alphal  _dz; 
double  d2sq_alphal_drholdrhol,d2sq_alphal_drholdrho2, 

d2sq_alphal_drho2drho2,d2sq_alphal_dxdx,d2sq_alphal_dydy, 

d2sq_alphal  _dzdz  ,d2sq_alphal  _dxdy,d2sq_alphal  _dxdz, 

d2sq_alphal_dydz,d2sq_alphal_dydx,d2sq_alphal_dzdx, 

d2sq_alphal  _dzdy ; 
double  sq_alpha2,dsq_alpha2_drhol,dsq_alpha2_drho2, 

dsq_alpha2_dx,dsq_alpha2_dy,dsq_alpha2_dz; 
double  d2sq_alpha2_drholdrhol,d2sq_alpha2_drholdrho2, 

d2sq_alpha2_drho2drho2,d2sq_alpha2_dxdx,d2sq_alpha2_dydy, 

d2sq_alpha2_dzdz,d2sq_alpha2_dxdy,d2sq_alpha2_dxdz, 

d2sq_alpha2_dydz,d2sq_alpha2_dydx,d2sq_alpha2_dzdx, 

d2sq_alpha2_dzdy; 
double  gxx,dgxx_drhol,dgxx_drho2,dgxx_dx,dgxx_dy,dgxx_dz; 
double  d2gxx_drholdrhol,d2gxx_drholdrho2,d2gxx_drho2drho2, 

d2gxx_dxdx,d2gxx_dydy,d2gxx_dzdz,d2gxx_dxdy,d2gxx_dxdz, 

d2gxx_dydz,d2gxx_dydx,d2gxx_dzdx,d2gxx_dzdy; 
double  gyy,dgyy_drhol  ,dgyy_drho2,dgyy_dx,dgyy_dy,dgyy_dz; 
double  d2gyy_drholdrhol,d2gyy_drholdrho2,d2gyy_drho2drho2, 

d2gyy_dxdx,d2gyy_dydy,d2gyy_dzdz,d2gyy_dxdy,d2gyy_dxdz, 

d2gyy_dydz,d2gyy_dydx,d2gyy_dzdx,d2gyy_dzdy; 
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double  gzz,dgzz_drhol,dgzz_drho2,dgzz_dx,dgzz_dy,dgzz_dz; 
double  d2gzz_drholdrhol,d2gzz_drholdrho2,d2gzz_drho2drho2, 

d2gzz_dxdx,d2gzz_dydy,d2gzz_dzdz,d2gzz_dxdy,d2gzz_dxdz, 

d2gzz_dydz,d2gzz_dydx,d2gzz_dzdx,d2gzz_dzdy; 
double  beta_X,beta_Y,beta_Z,beta_z,gXX,gYY,gZZ; 
double  lapse, K,K_AB_K_ab; 

double  Klxx,Klyy,Klzz,Klxy,Klyx,Klyz,Klzy,Klxz,Klzx; 
double  K2xx,K2yy,K2zz,K2xy,K2yx,K2yz,K2zy,K2xz,K2zx; 
double  K_xx,K_yy,K_zz,K_xy,K_yx,K_yz,K_zy,K_xz,K_zx; 
double  K_XX,K_YY,K_ZZ,K_XY,K_YX,K_XZ,K_ZX,K_YZ,K_ZY; 
double  beta_y,dbeta_y_drhol,dbeta_y_drho2, 

dbeta_y_dx,dbeta^y_dy,dbeta_y_dz; 
double  beta_x,dbeta_x_drhol,dbeta_x_drho2, 

dbeta_x_dx,dbeta_x_dy,dbeta_x_dz; 
double  D_x_beta_y,D_y_beta_y,D_z_beta_y, 

D_x_beta_x,D_y_beta_x,D_z_beta_x, 

D_x_beta_z,D_y_beta_z,D_z_beta_z; 
double  G_xxx,G_xxy,G_xyx,G_xxz,G_xzx,G_xyy, 

G_xyz,G_xzy,G_xzz,G_yxx,G_yxy,G_yyx,G_yxz, 

G_yzx,G_yyy,G_yyz,G_yzy,G_yzz,G_zxx,G_zxy, 

G_zyx,G_zxz,G_zzx,G_zyy,G_zyz,G_zzy,G_zzz, 
G-Xxx,G_Xxy,G_Xyx,G_Xxz,G_Xzx,G_Xyy,G_Xyz, 

G_Xzy,G_Xzz,G_Yxx,G_Yxy,G.Yyx,G-Yxz,G_Yzx, 

G_Yyy,G_Yyz,G_Yzy,G_Yzz,G_Zxx,G_Zxy,G_Zyx, 

G_Zxz,G_Zzx,G_Zyy,G_Zyz,G_Zzy,G_Zzz; 
double  R,S2,S; 
extern  double  U,V,Ml,M2,Xl,X2,omega; 

{ 

if  (0)  exit(0); 

S2  =  (X1-X2)*(X1-X2); 

S  =  sqrt(S2); 

rhol  =  sqrt(  (x-Xl)*(x-Xl)  +  y*y/(l-U*U)  +  z*z  ); 

drhol.dx  =  (x-Xl)/rhol; 

drhol_dy  =  y/((l-U*U)*rhol); 

drhol_dz  =  z/rhol; 
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d2rhol_dxdx  =  1/rhol  -  (x-Xl)/(rhol*rhol)  *  drhol_dx; 

d2rhol_dydy  =  l/(l-U*U)/rhol  -  y/(l-U*U)/(rhol*rhol)*drhol_dy; 

d2rhol_dzdz  =  1/rhol  —  z/(rhol*rhol)  *  drhol.dz; 

d2rhol_dydx  =  d2rhol_dxdy  =  —  drhol_dx  *  drhol_dy/rhol; 

d2rhol_dzdy  =  d2rhol_dydz  =  — drhol_dy  *  drhol_dz/rhol; 

d2rhol_dzdx  =  d2rhol_dxdz  =  —drhol.dz  *  drhol_dx/rhol; 

rho2  =  sqrt(  (x-X2)*(x-X2)  +  y*y/(l-V*V)  +  z*z  ); 

drho2_dx  =  (x-X2)/rho2; 

drho2_dy  =  y/(l-V*V)/rho2; 

drho2_dz  =  z/rho2; 

d2rho2_dxdx  =  l/rho2  -  (x-X2)/(rho2*rho2)  *  drho2_dx; 

d2rho2_dydy  =  l/(l-V*V)/rho2  -  y/(l-V*V)/(rho2*rho2)*drho2_dy; 

d2rho2_dzdz  =  l/rho2  -  z/(rho2*rho2)  *  drho2_dz; 

d2rho2_dydx  =  d2rho2_dxdy  =  -drho2.dx  *  drho2_dy/rho2; 

d2rho2_dzdy  =  d2rho2_dydz  =  -drho2_dy  *  drho2_dz/rho2; 

d2rho2_dzdx  =  d2rho2_dxdz  =  -drho2_dz  *  drho2_dx/rho2; 

PSI  =  1  +  Ml/(2*rhol)  +  M2/(2*rho2); 

dPSLdrhol  =  -Ml/(2*rhol*rhol); 

dPSI_drho2  =  -M2/(2*rho2*rho2); 

d2PSI_drholdrhol  =  Ml/((rhol)*(rhol)*(rhol)); 

d2PSLdrho2drho2  =  M2/((rho2)*(rho2)*(rho2)); 

d2PSLdrholdrho2  =  0; 

QU_PSI  =  ((PSI)*(PSI)*(PSI)*(PSI)); 

dQU_PSI_drhol  =  4*(QU_PSI/PSI)*dPSLdrhol; 

dQU_PSLdrho2  =  4*(QU_PSI/PSI)*dPSI_drho2; 

d2QU.PSLdrholdrhol  =  12*((PSI*dPSLdrhol)*(PSI*dPSLdrhol)) 

+  4*(QU_PSI/PSI)*d2PSLdrholdrhol; 
d2QU_PSLdrho2drho2  =  12*((PSI*dPSI_drho2)*(PSI*dPSI_drho2)) 

+  4*(QU_PSI/PSI)*d2PSLdrho2drho2; 
d2QU_PSLdrholdrho2  =  12  *  PSI  *  PSI  *  dPSLdrhol  *  dPSI_drho2 

+  4  *(QU_PSI/PSI)  *  d2PSLdrholdrho2; 
{  dQU_PSI_dx  =  dQU_PSI_drhol  *  drhol_dx 
+  dQU_PSI.drho2  *  drho2_dx; 
dQlLPSLdy  =  dQU_PSLdrhol  *  drhol_dy 

+  dQU_PSI_drho2  *  drho2_dy; 
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dQlLPSLdz  =  dQU-PSLdrhol  *  drhol_dz 

+  dQU_PSI_drho2  *  drho2_dz; 

}; 

{d2QU_PSLdxdx  =  d2QU_PSLdrholdrhol*drhol_dx*drhol_dx 

+  dQU_PSLdrhol  *d2rhol_dxdx 

+  d2QU_PSLdrho2drho2  *drho2_dx*drho2_dx 

+  dQU_PSLdrho2*d2rho2_dxdx 

+  2  *  d2QU_PSLdrholdrho2  *  drhoLdx  *  drho2_dx; 
d2QU_PSI_dydy  =  d2QU_PSLdrholdrhol*drhol_dy*drhol_dy 

+  dQU_PSLdrhol*d2rhol_dydy 

+  d2QU_PSI_drho2drho2*drho2_dy*drho2_dy 

+  dQU_PSLdrho2*d2rho2_dydy 

+  2  *  d2QU_PSI_drholdrho2  *  drhol_dy  *  drho2_dy; 
d2QU_PSLdzdz  =  d2QU_PSLdrholdrhol*drhol_dz*drhol_dz 

+  dQU-PSLdrhol  *d2rhol_dzdz 

+  d2QU_PSI_drho2drho2*drho2_dz*drho2_dz 

+  dQU_PSLdrho2*d2rho2_dzdz 

+  2  *  d2QU_PSLdrholdrho2  *  drhoLdz  *  drho2_dz; 
d2QU_PSLdydx  =  d2QU_PSLdxdy 

=  d2QU_PSLdrholdrhol  *  drhol_dx  *  drhoLdy 

+  d2QU_PSLdrho2drho2  *  drho2_dx  *  drho2_dy 

+  d2QU_PSLdrholdrho2 

*  ( dr ho  1  _dx*  drho2 _dy + dr  ho2  _dx  *  drho  1  _dy ) 
+  dQU-PSLdrhol  *  d2rhol_dxdy 

+  dQU_PSI_drho2  *  d2rho2_dxdy; 
d2QU_PSLdzdy  =  d2QU_PSI_dydz 

=  d2QU_PSLdrholdrhol  *  drhoLdy  *  drhoLdz 
+  d2QU_PSLdrho2drho2  *  drho2_dy  *  drho2_dz 
+  d2QU_PSI_drholdrho2 

*  (drhol_dy*drho2_dz+drho2_dy*drhol_dz) 
+  dQU.PSLdrhol  *  d2rhol_dydz 

+  dQU_PSLdrho2  *  d2rho2_dydz; 
d2QU_PSLdxdz  =  d2QU_PSLdzdx 

=  d2QU_PSI_drholdrhol  *  drhoLdz  *  drhoLdx 
+  d2QU_PSLdrho2drho2  *  drho2_dz  *  drho2_dx 
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+  d2QU_PSLdrholdrho2 

*  (drhol_dz*drho2_dx+drho2_dz*drhol_dx) 

+  dQU-PSLdrhol  *  d2rhol_dxdz 

+  dQU_PSLdrho2  *  d2rho2_dxdz; 

}; 

psil  =  1  +  Ml/(2*rhol) 

+  M2*Ml*Ml/(2*S*(Ml*Ml+4*rhol*rhol)); 
dpsil.drhol  =  -  Ml/(2*rhol*rhol) 
-  M2*Ml*Ml*8*rhol 
/  (2*S*((Ml*Ml+4*rhol*rhol) 
*  (Ml*Ml+4*rhol*rhol))  ); 
dpsil_drho2  =  0; 

d2psil_drholdrhol  =  2*Ml/(2*rhol*rhol*rhol) 
-  M2*M1*M1*8 
/  (2*S*((Ml*Ml+4*rhol*rhol) 

*  (Ml*Ml+4*rhol*rhol))  ) 

+  M2*Ml*Ml*8*2*4*2*rhol*rhol 
/  (2*S*((Ml*Ml+4*rhol*rhol) 

*  (Ml*Ml+4*rhol*rhol) 

*  (Ml*Ml+4*rhol*rhol))  ); 
d2psil_drho2drho2  =  0; 
d2psil_drholdrho2  =  0; 

qu_psil  =  ((psil)*(psil)*(psil)*(psil)); 
dqu_psil_drhol  =  4*(qu_psil/psil)*dpsil_drhol; 
dqu_psil_drho2  =  4*(qu_psil/psil)*dpsil_drho2; 
d2qu_psil_drholdrhol  =  12*((psil*dpsil_drhol)*(psil*dpsil_drhol)) 

+  4*(qu_psil/psil)*d2psil_drholdrhol; 
d2qu_psil_drho2drho2  =  12*((psil*dpsil_drho2)*(psil*dpsil_drho2)) 

4-  4* ( qu_psi  1  /psi  1 )  * d2psi  1  _drho2drho2 ; 
d2qu_psil_drholdrho2  =  12  *  psil  *  psil  *  dpsil.drhol  *  dpsil_drho2 

+  4  *(qu_psil/psil)  *  d2psil_drholdrho2; 
{  dqu_psil_dx  =  dqu_psil_drhol  *  drhol_dx 
+  dqu_psil_drho2  *  drho2_dx; 
dqu_psil_dy  =  dqu_psil_drhol  *  drhol_dy 
+  dqu_psil_drho2  *  drho2_dy; 
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dqu_psil_dz  =  dqu_psil_drhol  *  drhol_dz 
+  dqu_psil_drho2  *  drho2_dz; 

}; 

psi2  =  1  +  M2/(2*rho2) 

+  Ml*M2*M2/(2*S*(M2*M2+4*rho2*rho2)); 
dpsi2_drhol  =  0; 

dpsi2_drho2  =  -  M2/(2*rho2*rho2) 
-  Ml*M2*M2*8*rho2 
/  (2*S*((M2*M2+4*rho2*rho2) 
*  (M2*M2+4*rho2*rho2))  ); 
d2psi2_drholdrhol  =  0; 

d2psi2_drho2drho2  =  2*M2/(2*rho2*rho2*rho2) 
-  M1*M2*M2*8 
/  (2*S*((M2*M2+4*rho2*rho2) 

*  (M2*M2+4*rho2*rho2))  ) 

+  Ml*M2*M2*8*2*4*2*rho2*rho2 
/  (2*S*((M2*M2+4*rho2*rho2) 

*  (M2*M2+4*rho2*rho2) 

*  (M2*M2+4*rho2*rho2))  ); 
d2psi2_drholdrho2  =  0; 

qu_psi2  =  ((psi2)*(psi2)*(psi2)*(psi2)); 
dqu_psi2_drhol  =  4*(qu_psi2/psi2)*dpsi2_drhol; 
dqu_psi2_drho2  =  4*(qu_psi2/psi2)*dpsi2_drho2; 
d2qu_psi2_drholdrhol  =  12*((psi2*dpsi2_drhol)*(psi2*dpsi2_drhol)) 

+  4*(qu_psi2/psi2)*d2psi2_drholdrhol; 
d2qu_psi2_drho2drho2  =  12*((psi2*dpsi2_drho2)*(psi2*dpsi2_drho2)) 

+  4*(qu_psi2/psi2)*d2psi2_drho2drho2; 
d2qu_psi2_drholdrho2  =  12  *  psi2  *  psi2  *  dpsi2_drhol  *  dpsi2_drho2 

+  4  *(qu_psi2/psi2)  *  d2psi2_drholdrho2; 
{  dqu_psi2_dx  =  dqu_psi2_drhol  *  drhol_dx 
+  dqu_psi2_drho2  *  drho2_dx; 
dqu_psi2_dy  =  dqu_psi2_drhol  *  drhol_dy 

+  dqu_psi2_drho2  *  drho2_dy; 
dqu_psi2_dz  =  dqu_psi2_drhol  *  drhol.dz 
+  dqu_psi2_drho2  *  drho2_dz; 
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}; 
{ 

double  f,df_drhol,df_drho2,d2f_drholdrhol,d2f_drholdrho2, 
d2f_drho2drho2; 

double  g,dg_drhol,dg_drho2,d2g_drholdrhol,d2g_drholdrho2, 

d2g_drho2drho2; 
double  h,dh.drhol,dh_drho2,d2h_drholdrhol,d2h_drholdrho2, 

d2h_drho2drho2; 
g  =  l+M2/(2*rho2); 
dg_drho2  =  -M2/(2*rho2*rho2); 
d2g_drho2drho2  =  M2/(rho2*rho2*rho2); 
h  =  Ml/(2*rhol*g); 
dh_drhol  =  —  h/rhol; 
d2h_drholdrhol  =  2*h/(rhol*rhol); 
dh_drho2  =  —  h*dg_drho2/g; 
d2h_drho2drho2  =  h*(-d2g_drho2drho2 

+  2*dg_drho2*dg_drho2/g)/g; 
d2h_drholdrho2  =  — dh_drhol*dg_drho2/g; 
al  =  (l-h)/(l+h); 

dal_drhol  =  -2*dh_drhol/((l+h)*(l+h)); 
d2al_drholdrhol  =  -2*d2h_drholdrhol/((l+h)*(l+h)) 

+4*((dh_drhol)*(dh_drhol))  /((l+h)*(l+h)*(l+h)); 
dal_drho2  =  -2*dh-drho2/((l+h)*(l+h)); 
d2al_drho2drho2  =  -2*d2h_drho2drho2/((l+h)*(l+h)) 

+4*((dh_drho2)*(dh_drho2))  /((l+h)*(l+h)*(l+h)); 
d2al_drholdrho2  =  -2*d2h_drholdrho2/((l+h)*(l+h)) 

+4*dh_drhol*dh_drho2/((l+h)*(l+h)*(l+h)); 
if  (0)  { 
f  =  1.0; 
dLdrhol  =  d2f_drholdrhol  =  df_drho2 

=  d2f_drho2drho2  =  d2f_drholdrho2  =  0.0; 
}  else  { 
f  =  1  +  M2*Ml*Ml/(2*S*(Ml*Ml+4*rhol*rhol)); 
df_drhol  =  -  M2*Ml*Ml*8*rhol 

/(2*S*((Ml*Ml+4*rhol*rhol)*(Ml*Ml+4*rhol*rhol))  ); 
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d2f_drholdrhol  =  -  M2*M1*M1*8 

/(2*S*((Ml*Ml+4*rhol*rhol)*(Ml*Ml+4*rhol*rhol))  ) 

+  M2*Ml*Ml*8*2*8*rhol*rhol 

/(2*S*((Ml*Ml+4*rhol*rhol) 

*(Ml*Ml+4*rhol*rhol)*(Ml*Ml+4*rhol*rhol))  ); 
df_drho2  =  d2f_drho2drho2  =  d2f_drholdrho2  =  0; 

} 

alphal  =  al*f*f; 

dalphal_drhol  =  dal_drhol*f*f  +  2*al*f*df_drhol; 
d2alphal_drholdrhol  =  d2al_drholdrhol*f*f 
+  4*f*dal_drhol*df_drhol 
+  2*al*df_drhol*df_drhol 
+  2*f*al*d2f_drholdrhol; 
dalphal_drho2  =  dal_drho2*f*f 

+  2*al*f*df_drho2; 
d2alphal_drho2drho2  =  d2al_drho2drho2*f*f 
+  4*f*dal_drho2*df_drho2 
+  2*al*df_drho2*df_drho2 
+  2*f*al*d2f_drho2drho2; 
d2alphal_drholdrho2  =  d2al_drholdrho2*f*f 
+  2*f*dal_drhol*df_drho2 
+  2*f*dal_drho2*df_drhol 
+  2*al*df_drhol*df_drho2 
+  2*f*al*d2f_drholdrho2; 
sq_alphal  =  ((alphal)*(alphal)); 
dsq_alphal_drhol  =  2*alphal*dalphal_drhol; 
d2sq_alphal_drholdrhol  =  2*((dalphal_drhol)*(dalphal_drhol)) 

+  2*alphal*d2alphal_drholdrhol; 
dsq_alphal_drho2  =  2*alphal*dalphal_drho2; 
d2sq_alphal_drho2drho2  =  2*((dalphal_drho2)*(dalphal_drho2)) 

+  2*alphal*d2alphal_drho2drho2; 
d2sq_alphal_drholdrho2  =  2*dalphal_drhol*dalphal_drho2 
+  2*alphal*d2alphal_drholdrho2; 
} 
{ 
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double  f,df_drhol,df_drho2,d2f_drholdrhol,d2f_drholdrho2, 

d2f_drho2drho2; 
double  g,dg_drhol,dg_drho2,d2g_drholdrhol,d2g_drholdrho2, 

d2g_drho2drho2; 
double  h,dh_drhol,dh_drho2,d2h_drholdrhol,d2h_drholdrho2, 

d2h_drho2drho2; 
g  =  l+Ml/(2*rhol); 
dg_drhol  =  -Ml/(2*rhol*rhol); 
d2g_drholdrhol  =  Ml/(rhol*rhol*rhol); 
h  =  M2/(2*rho2*g); 
dh_drho2  =  -h/rho2; 
d2h_drho2drho2  =  2*h/(rho2*rho2); 
dh_drhol  =  — h*dg_drhol/g; 
d2h_drholdrhol  =  h*(-d2g_drholdrhol 

+  2*dg_drhol*dg_drhol/g)/g; 
d2h_drholdrho2  =  — dh_drho2*dg_drhol/g; 
a2  =  (l-h)/(l+h); 

da2_drhol  =  -2*dh_drhol/((l+h)*(l+h)); 
d2a2.drholdrhol  =  -2*d2h_drholdrhol/((l+h)*(l+h)) 
+4*((dh_drhol)*(dh_drhol))  /((l+h)*(l+h)*(l+h)); 
da2_drho2  =  -2*dh_drho2/((l+h)*(l+h)); 
d2a2_drho2drho2  =  -2*d2h_drho2drho2/((l+h)*(l+h)) 
+4*((dh_drho2)*(dh_drho2))  /((l+h)*(l+h)*(l+h)); 
d2a2_drholdrho2  =  -2*d2h_drholdrho2/((l+h)*(l+h)) 

+4*dh_drhol*dhjdrho2/((l+h)*(l+h)*(l+h)); 
if  (0)  { 
f=  1.0; 
dLdrhol  =  d2f_drholdrhol  =  df_drho2 

=  d2f_drho2drho2  =  d2Ldrholdrho2  =  0.0; 
}  else  { 
f  =  1  +  Ml*M2*M2/(2*S*(M2*M2+4*rho2*rho2)); 
dLdrho2  =  -  Ml*M2*M2*8*rho2 

/(2*S*((M2*M2+4*rho2*rho2)*(M2*M2+4*rho2*rho2))  ); 
d2f_drho2drho2  =  -  M1*M2*M2*8 

/(2*S*((M2*M2+4*rho2*rho2)*(M2*M2+4*rho2*rho2))  ) 
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+  Ml*M2*M2*8*2*8*rho2*rho2 
/(2*S*((M2*M2+4*rho2*rho2) 

*(M2*M2+4*rho2*rho2)*(M2*M2+4*rho2*rho2))  ); 
dLdrhol  =  d2f_drholdrhol  =  d2Ldrholdrho2  =  0; 

} 

alpha2  =  a2*f*f; 
dalpha2_drhol  =  da2_drhol*f*f 

+  2*a2*f*df_drhol; 
d2alpha2_drholdrhol  =  d2a2_drholdrhol*f*f 

+  4*f*da2_drhol*df_drhol 

+  2  *a2*  dLdrhol*  dLdrhol 

+  2*f*a2*d2Ldrholdrhol; 
dalpha2_drho2  =  da2_drho2*f*f 

+  2*a2*f*df_drho2; 
d2alpha2_drho2drho2  =  d2a2_drho2drho2*f*f 

+  4*f*da2_drho2*dLdrho2 

+  2*a2*dLdrho2*df_drho2 

+  2*f*a2*d2Ldrho2drho2; 
d2alpha2_drholdrho2  =  d2a2_drholdrho2*f*f 

+  2*f*da2_drhol*dLdrho2 

+  2*f*da2_drho2*dLdrhol 

+  2*a2*df_drhol*dLdrho2 

+  2*f*a2*d2Ldrholdrho2; 
sq_alpha2  =  ((alpha2)*(alpha2)); 
dsq_alpha2_drhol  =  2*alpha2*dalpha2_drhol; 
d2sq.alpha2_drholdrhol  =  2*((dalpha2_drhol)*(dalpha2_drhol)) 

+  2*alpha2*d2alpha2_drholdrhol; 
dsq_alpha2_drho2  =  2*alpha2*dalpha2_drho2; 
d2sq_alpha2_drho2drho2  =  2*((dalpha2_drho2)*(dalpha2_drho2)) 

+  2*alpha2*d2alpha2_drho2drho2; 
d2sq_alpha2_drholdrho2  =  2*dalpha2_drhol*dalpha2_drho2 
+  2*alpha2*d2alpha2_drholdrho2; 

} 

{  dalphal_dx  =  dalphal_drhol  *  drhol_dx 
+  dalphal_drho2  *  drho2_dx; 
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dalphal_dy  =  dalphal_drhol  *  drhol.dy 

+  dalphal_drho2  *  drho2_dy; 
dalphal_dz  =  dalphal_drhol  *  drhol.dz 

+  dalphal_drho2  *  drho2_dz; 

}; 

{  dalpha2_dx  =  dalpha2_drhol  *  drhol_dx 

+  dalpha2_drho2  *  drho2_dx; 
dalpha2_dy  =  dalpha2_drhol  *  drhol_dy 

+  dalpha2_drho2  *  drho2_dy; 
dalpha2_dz  =  dalpha2_drhol  *  drhol_dz 

+  dalpha2_drho2  *  drho2_dz; 

}; 

{  dsq_alphal_dx  =  dsq_alphal_drhol  *  drhol_dx 

+  dsq_alphal_drho2  *  drho2_dx; 
dsq_alphal_dy  =  dsq_alphal_drhol  *  drhol_dy 

+  dsq_alphal_drho2  *  drho2_dy; 
dsq_alphal_dz  =  dsq_alphal_drhol  *  drhol_dz 

+  dsq_alphal_drho2  *  drho2_dz; 

}; 

{  dsq_alpha2_dx  =  dsq_alpha2_drhol  *  drhol_dx 

+  dsq_alpha2_drho2  *  drho2_dx; 
dsq_alpha2_dy  =  dsq_alpha2_drhol  *  drhol_dy 

+  dsq_alpha2_drho2  *  drho2_dy; 
dsq_alpha2_dz  =  dsq_alpha2_drhol  *  drhol_dz 

+  dsq_alpha2_drho2  *  drho2_dz; 

}; 

common  =  QU-PSI  —  U*U*(sq_alphal—  qu_psil)/(l  — U*U) 

-  V*V*(sq-alpha2-qu.psi2)/(l-V*V); 
dcommomdrhol  =  dQU_PSLdrhol 

-  (U*U/(1— U*U))*(dsq_alphal_drhol  —  dqu_psil_drhol) 

-  (V*V/(l-V*V))*(dsq_alpha2_drhol  -  dqu_psi2_drhol); 
dcommon_drho2  =  dQU_PSLdrho2 

-  (U*U/(l-U*U))*(dsq_alphal_drho2  -  dqu_psil_drho2) 

-  (V*V/(l-V*V))*(dsq_alpha2_drho2  -  dqu_psi2_drho2); 
d2common_drholdrhol  =  d2QU_PSI_drholdrhol 
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-  (U*U/(l-U*U))*(d2sq_alphal_drholdrhol 

-  d2qu_psil_drholdrhol) 

-  (V*V/(l-V*V))*(d2sq_alpha2_drholdrhol 

-  d2qu_psi2_drholdrhol); 
d2common_drho2drho2  =  d2QU_PSLdrho2drho2 

-  (U*U/(l-U*U))*(d2sq_alphal_drho2drho2 

-  d2qu_psil_drho2drho2) 

-  (V*V/(l-V*V))*(d2sq_alpha2_drho2drho2 

-  d2qu_psi2_drho2drho2); 
d2common_drholdrho2  =  d2QU_PSI_drholdrho2 

-  (U*U/( l-U*U))*(d2sq_alphal_drholdrho2 

-  d2qu_psil_drholdrho2) 

-  (V*V/(l-V*V))*(d2sq_alpha2_drholdrho2 

-  d2qu_psi2_drholdrho2); 

{  dcommon.dx  =  dcommon_drhol  *  drhol.dx 

+  dcommon_drho2  *  drho2_dx; 
dcommon.dy  =  dcommon_drhol  *  drhol_dy 

+  dcommon_drho2  *  drho2_dy; 
dcommon_dz  =  dcommon_drhol  *  drhol.dz 

+  dcommon_drho2  *  drho2_dz; 

}; 

{d2common_dxdx  =  d2common_drholdrhol*drhol_dx*drhol_dx 
+  dcommon_drhol*d2rhol_dxdx 
+  d2common_drho2drho2*drho2_dx*drho2_dx 
+  dcommon_drho2*d2rho2_dxdx 

+  2  *  d2common_drholdrho2  *  drhol_dx  *  drho2_dx; 
d2common_dydy  =  d2common_drholdrhol*drhol_dy*drhol_dy 
+ 
dcommon_drhol  *d2rhol_dydy 

+  d2common_drho2drho2*drho2_dy*drho2_dy 
+  dcommon_drho2*d2rho2_dydy 

+  2  *  d2common_drholdrho2  *  drhol_dy  *  drho2_dy; 
d2common_dzdz  =  d2common_drholdrhol*drhol_dz*drhol_dz 
+  dcommon_drhol*d2rhol_dzdz 
+  d2common_drho2drho2  *drho2_dz*drho2_dz 
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+  dcommon_drho2*d2rho2_dzdz 

+  2  *  d2common_drholdrho2  *  drhol_dz  *  drho2_dz; 
d2common_dydx  =  d2common_dxdy 

=  d2common_drholdrhol  *  drhol_dx  *  drhol.dy 

+  d2common_drho2drho2  *  drho2_dx  *  drho2_dy 

+  d2common_drholdrho2  * 
(drhol_dx*drho2_dy+drho2_dx*drhol_dy) 

+  dcommon_drhol  *  d2rhol_dxdy 

+  dcommon_drho2  *  d2rho2_dxdy; 
d2common_dzdy  =  d2common_dydz 

=  d2common_drholdrhol  *  drhol_dy  *  drhol_dz 

+  d2common_drho2drho2  *  drho2_dy  *  drho2_dz 

+  d2common_drholdrho2  * 
(drhol_dy*drho2_dz+drho2_dy*drhol_dz) 

+  dcommon_drhol  *  d2rhol_dydz 

+  dcommon_drho2  *  d2rho2_dydz; 
d2common_dxdz  =  d2common_dzdx 

=  d2common_drholdrhol  *  drhol_dz  *  drhol_dx 

+  d2common_drho2drho2  *  drho2_dz  *  drho2_dx 

+  d2common_drholdrho2  * 
(drhol_dz*drho2_dx+drho2_dz*drhol_dx) 

+  dcommon_drhol  *  d2rhol_dxdz 

+  dcommon_drho2  *  d2rho2_dxdz; 

}; 

lapse  =  al*a2*((((l+M2/(2*S))*(l+M2/(2*S*(l+Ml/(2*rhol))))) 
*((l+M2/(2*S))*(l+M2/(2*S*(l+Ml/(2*rhol)))))) 

*  Ml*Ml*rho2*rho2/(Ml*Ml*rho2*rho2+4*rhol*rhol*rhol*rhol) 
+(((l+Ml/(2*S))*(l+Ml/(2*S*(l+M2/(2*rho2)))))*((l+Ml/(2*S)) 
*(l+Ml/(2*S*(l+M2/(2*rho2)))))) 

*  M2*M2*rhol*rhol/(M2*M2*rhol*rhol+4*rho2*rho2*rho2*rho2) 
+(1— Ml*Ml*rho2*rho2/(Ml*Ml*rho2*rho2+4*rhol*rhol*rhol*rhol) 

-M2*M2*rhol*rhol/(M2*M2*rhol*rhol+4*rho2*rho2*rho2*rho2)) 
)/sqrt(common/QU_PSI); 
{gxx  =  QILPSI; 
dgxx_drhol  =  dQU_PSLdrhol; 
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dgxx_drho2  =  dQU_PSLdrho2; 
d2gxx_drholdrhol  =  d2QU_PSLdrholdrhol; 
d2gxx_drho2drho2  =  d2QU_PSLdrho2drho2; 
d2gxx_drholdrho2  =  d2QU_PSLdrholdrho2; 
dgxx_dx  =  dQU.PSLdx; 
dgxx_dy  =  dQU.PSLdy; 
dgxx_dz  =  dQU_PSI_dz; 
d2gxx_dxdx  =  d2QU_PSI_dxdx; 
d2gxx_dxdy  =  d2gxx_dydx  =  d2QU_PSLdxdy; 
d2gxx_dzdx  =  d2gxx_dxdz  =  d2QU_PSLdxdz; 
d2gxx_dydy  =  d2QU_PSLdydy; 
d2gxx_dzdy  =  d2gxx_dydz  =  d2QU_PSLdydz; 
d2gxx_dzdz  =  d2QU_PSLdzdz; 

}; 

{gyy  =  common; 
dgyy.drhol  =  dcommon_drhol; 
dgyy_drho2  =  dcommon_drho2; 
d2gyy_drholdrhol  =  d2common_drholdrhol; 
d2gyy_drho2drho2  =  d2common_drho2drho2; 
d2gyy_drholdrho2  =  d2common_drholdrho2; 
dgyy_dx  =  dcommon_dx; 
dgyy_dy  =  dcommomdy; 
dgyy_dz  =  dcommon_dz; 
d2gyy_dxdx  =  d2common_dxdx; 
d2gyy_dxdy  =  d2gyy_dydx  =  d2common_dxdy; 
d2gyy_dzdx  =  d2gyy_dxdz  =  d2common_dxdz; 
d2gyy_dydy  =  d2common_dydy; 
d2gyy_dzdy  =  d2gyy_dydz  =  d2common_dydz; 
d2gyy_dzdz  =  d2common_dzdz; 

}; 

{gzz  =  QU.PSI; 
dgzz_drhol  =  dQU.PSLdrhol; 
dgzz_drho2  =  dQU_PSLdrho2; 
d2gzz_drholdrhol  =  d2QU_PSI_drholdrhol; 
d2gzz_drho2drho2  =  d2QU_PSI_drho2drho2; 
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d2gzz_drholdrho2  =  d2QU_PSLdrholdrho2; 

dgzz_dx  =  dQU.PSLdx; 

dgzz_dy  =  dQU.PSLdy; 

dgzz_dz  =  dQU_PSLdz; 

d2gzz_dxdx  =  d2QU_PSLdxdx; 

d2gzz_dxdy  =  d2gzz_dydx  =  d2QU_PSLdxdy; 

d2gzz_dzdx  =  d2gzz_dxdz  =  d2QU.PSLdxdz; 

d2gzz_dydy  =  d2QU.PSLdydy; 

d2gzz_dzdy  =  d2gzz_dydz  =  d2QU_PSLdydz; 

d2gzz_dzdz  =  d2QU_PSLdzdz; 

}; 

gXX  =  1/gxx; 
gYY  =  1/gyy; 
gZZ  =  1/gzz; 

{  double  f,df_drhol,df_drho2,df_dx,df_dy,df_dz; 
f  =  1  +  U*U*Ml*Ml*rho2*rho2/((l-U*U)*(Ml*Ml*rho2*rho2 
+  4*((rhol)*(rhol)*(rhol)*(rhol))  )) 

+  V*V*M2*M2*rhol*rhol/((l-V*V)*(M2*M2*rhol*rhol 
+  4*((rho2)*(rho2)*(rho2)*(rho2))  )); 
dLdrhol  =  U*U/(1-U*U)  *  Ml*Ml*rho2*rho2/(Ml*Ml*rho2*rho2 
+4*((rhol)*(rhol)*(rhol)*(rhol))  ) 

*  (-16*((rhol)*(rhol)*(rhol))  /(Ml*Ml*rho2*rho2 
+4*((rhol)*(rhol)*(rhol)*(rhol))  )) 

+  V*V/(1-V*V)  *  M2*M2*rhol*rhol/(M2*M2*rhol*rhol 
+4*((rho2)*(rho2)*(rho2)*(rho2))  ) 
*(2/rhol  -  2*rhol*M2*M2/(M2*M2*rhol*rhol 
+4*((rho2)*(rho2)*(rho2)*(rho2))  )); 
df_drho2  =  V*V/(1-V*V)  *  M2*M2*rhol*rhol/(M2*M2*rhol*rhol 
+4*((rho2)*(rho2)*(rho2)*(rho2))  ) 

*  (-16*((rho2)*(rho2)*(rho2))  /(M2*M2*rhol*rhol 
+4*((rho2)*(rho2)*(rho2)*(rho2))  )) 

+  U*U/(1-U*U)  *  Ml*Ml*rho2*rho2/(Ml*Ml*rho2*rho2 
+4*((rhol)*(rhol)*(rhol)*(rhol))  ) 
*(2/rho2  -  2*rho2*Ml*Ml/(Ml*Ml*rho2*rho2 
+4*((rhol)*(rhol)*(rhol)*(rhol))  )); 
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{  df_dx  =  dLdrhol  *  drhol_dx  +  df_drho2  *  drho2_dx; 
df_dy  =  dLdrhol  *  drhol_dy  +  df_drho2  *  drho2_dy; 
df_dz  =  dLdrhol  *  drhoLdz  +  df_drho2  *  drho2_dz; 

}; 

beta_X  =  — f*omega*y; 

beta_Y  =  omega*x 

+  (U*(sq_alphal  -  qu.psil)/(l-U*U) 

+  (V*(sq_alpha2  -  qu_psi2)/(l-V*V)))/gyy; 

beta_Z  =  0.0; 

beta_x  =  gxx  *  beta_X; 

beta_y  =  gyy  *  beta_Y; 

beta_z  =  gzz  *  beta_Z; 

dbeta_x_dx  =  dgxx_dx  *  beta_X 

—  dLdx  *  omega  *  y  *  gxx; 
dbeta_x_dy  =  dgxx_dy  *  beta_X 

—  f  *  omega  *  gxx  —  dLdy  *  omega  *  y  *  gxx; 
dbeta_x_dz  =  dgxx_dz  *  beta_X 

—  dLdz  *  omega  *  y  *  gxx; 
dbeta_y_dx  =  omega  *  x  *  dgyy_dx  +  omega  *  gyy 
+  U*(dsq_alphal_dx  —  dqu_psil_dx)/(l— U*U) 
+  V*(dsq_alpha2_dx  -  dqu_psi2_dx)/(l-V*V); 
dbeta_y_dy  =  dgyy_dy  *  omega  *  x 

+  U*(dsq_alphal_dy  —  dqu_psil_dy)/(l— U*U) 
+  V*(dsq-alpha2_dy  -  dqu_psi2_dy)/(l-V*V); 
dbeta_y_dz  =  dgyy_dz  *  omega  *  x 

+  U*(dsq_alphal_dz  —  dqu_psil_dz)/(l— U*U) 
+  V*(dsq_alpha2_dz  -  dqu_psi2_dz)/(l-V*V); 
} 
} 
{ 
G_xxx  =    dgxx_dx  /  2; 
G_xxy  =    dgxx_dy  /  2; 
G_xyx  =  G_xxy; 
G_xxz  =    dgxx.dz  /  2; 
G.xzx  =  G_xxz; 
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G-xyy  =  -dgyy_dx  /  2; 
G_xyz  =    0.0; 
G_xzy  =  0.0; 
G_xzz  =  —  dgzz_dx  /  2; 
G_yxx  =  -dgxx_dy  /  2; 
G.yxy  =    dgyy.dx  /  2; 
G_yyx  =  G.yxy; 
G_yxz  =    0.0; 
G.yzx  =  0.0; 
G-yyy  =    dgyy_dy  /  2; 
G.yyz  =    dgyy_dz  /  2; 
G_yzy  =  G.yyz; 
G_yzz  =  -dgzz_dy  /  2; 
G_zxx  =  —  dgxx_dz  /  2; 
G_zxy  =    0.0; 
G_zyx  =  0.0; 
G_zxz  =    dgzz_dx  /  2; 
G_zzx  =  G_zxz; 
G-zyy  =  -dgyy.dz  /  2; 
G_zyz  =    dgzz_dy  /  2; 
G-Zzy  =  G-zyz; 
G.zzz  =    dgzz_dz  /  2; 
G_Xxx  =  gXX  *  G_xxx; 
G-Xxy  =  gXX  *  G_xxy; 
G_Xyx  =  G_Xxy; 
G.Xxz  =  gXX  *  G_xxz; 
G_Xzx  =  G_Xxz; 
G.Xyy  =  gXX  *  G_xyy; 
G_Xyz  =  gXX  *  G_xyz; 
G_Xzy  =  G_Xyz; 
G_Xzz  =  gXX  *  G_xzz; 
G_Yxx  =  gYY  *  G_yxx; 
G_Yxy  =  gYY  *  G_yxy; 
G.Yyx  =  G_Yxy; 
G-Yxz  =  gYY  *  G_yxz; 
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G_Yzx  =  G.Yxz; 
G.Yyy  =  gYY  *  G_yyy; 
G_Yyz  =  gYY  *  G_yyz; 
G_Yzy  =  G_Yyz; 
G_Yzz  =  gYY  *  G_yzz; 
G_Zxx  =  gZZ  *  G_zxx; 
G_Zxy  =  gZZ  *  G_zxy; 
G_Zyx  =  G_Zxy; 
G_Zxz  =  gZZ  *  G_zxz; 
G_Zzx  =  G_Zxz; 
G_Zyy  =  gZZ  *  G_zyy; 
G_Zyz  =  gZZ  *  G_zyz; 
G-Zzy  =  G-Zyz; 
G_Zzz  =  gZZ  *  G_zzz; 
} 
{ 
Klxx  =  U  *alphal*drhol_dy*dgxx_drhol/(2*sqrt(QU_PSI*gyy)); 
Klzz  =  U  *alphal*drhol_dy*dgzz_drhol/(2*sqrt(QU_PSI*gyy)); 
K2xx  =  V  *alpha2*drho2_dy*dgxx_drho2/(2*sqrt(QU_PSI*gyy)); 
K2zz  =  V  *alpha2*drho2_dy*dgzz_drho2/(2*sqrt(QU_PSI*gyy)); 
Klyy  =  U  *(— alphal*drhol_dy*dgyy_drhol 

+  4*gyy*drhol_dy*dalphal_drhol)/(2*sqrt(QUJPSI*gyy)); 
K2yy  =  V  *(— alpha2*drho2_dy*dgyy_drho2 

+  4*gyy*drho2_dy*dalpha2_drho2)/(2*sqrt(QU_PSI*gyy)); 
Klyx  =  Klxy  =  U  *sqrt(gyy/QU_PSI)*drhol_dx  *  (dalphal_drhol 

-alphal*dgyy_drhol/(2*gyy)); 
Klyz  =  Klzy  =  U  *sqrt(gyy/QU_PSI)*drhol_dz  *  (dalphal.drhol 

-alphal*dgyy_drhol/(2*gyy)); 
K2yx  =  K2xy  =  V  *sqrt(gyy/QU_PSI)*drho2_dx  *  (dalpha2_drho2 

-alpha2*dgyy_drho2/(2*gyy)); 
K2yz  =  K2zy  =  V  *sqrt(gyy/QU_PSI)*drho2_dz  *  (dalpha2_drho2 

-alpha2*dgyy_drho2/(2*gyy)); 
K_xx=  Klxx+  K2xx; 
K_yy=  Klyy+  K2yy; 
K_zz=  Klzz+  K2zz; 


151 

K_xy=  Klxy+  K2xy; 

K_yz=  Klyz+  K2yz; 

K_yx=  Klyx+  K2yx; 

K_zy=  Klzy+  K2zy; 

K_xz  =  0; 

K_zx  =  0; 

K  =  gXX  *  K_xx  +  gYY  *  K_yy  +  gZZ  *  K_zz; 

K.XX  =  gXX  *  gXX  *  K_xx; 

K_YY  =  gYY  *  gYY  *  K_yy; 

K_ZZ  =  gZZ  *  gZZ  *  K_zz; 

K_XY  =  gXX  *  gYY  *  K_xy; 

K_YX  =  K.XY; 

K_XZ  =  gXX  *  gZZ  *  K_xz; 

K_ZX  =  KJCZ; 

K_YZ  =  gYY  *  gZZ  *  K.yz; 

K_ZY  =  K_YZ; 

K_AB_K_ab  =  K-XX  *  K_xx  +  K_XY  *  K_xy 

+  K_XZ  *  K_xz  +  K.YX  *  K_yx  +  K.YY  *  K_yy 
+  K_YZ  *  K_yz  +  K_ZX  *  K_zx  +  K_ZY  *  K_zy 
+  K_ZZ  *  K_zz; 

D_x_beta_y  =  dbeta_y_dx 

—  G_Yxy*beta_y  —  G_Xxy*beta_x; 
D_y_beta_y  =  dbeta_y_dy 

—  G_Yyy*beta_y  —  G_Xyy*beta_x; 
D_z_beta_y  =  dbeta_y_dz 

—  G_Yzy*beta_y  —  G_Xzy*beta_x; 
D_x_beta_x  =  dbeta_x_dx 

—  G_Yxx*beta_y  —  G_Xxx*beta_x; 
D_y_beta_x  =  dbeta_x_dy 

—  G_Yyx*beta_y  —  G_Xyx*beta_x; 
D_z_beta_x  =  dbeta_x_dz 

—  G_Yzx*beta_y  —  G_Xzx*beta_x; 
D_x_beta_z  =  —  G_Yxz*beta_y  —  G.Xxz*beta_x; 
D_y_beta_z  =  —  G_Yyz*beta_y  —  G_Xyz*beta_x; 
D_z_beta_z  =    —  G_Yzz*beta_y  —  G_Xzz*beta_x; 
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} 

{ 
R  =  -  d2gxx_dydy  /  (gxx  *  gyy) 

-  d2gxx_dzdz  /  (gxx  *  gzz) 

-  d2gyy_dxdx  /  (gxx  *  gyy) 

-  d2gyy_dzdz  /  (gyy  *  gzz) 

-  d2gzz_dxdx  /  (gxx  *  gzz) 

-  d2gzz-dydy  /  (gyy  *  gzz) 

+  (dgxx_dy)*(dgxx_dy)  /  (2*gxx*gxx*gyy) 
+  (dgxx_dz)*(dgxx_dz)  /  (2*gxx*gxx*gzz) 
+  (dgyy_dx)*(dgyy_dx)  /  (2*gxx*gyy*gyy) 
+  (dgyy_dz)*(dgyy_dz)  /  (2*gyy*gyy*gzz) 
+  (dgzz_dx)*(dgzz_dx)  /  (2*gxx*gzz*gzz) 
+  (dgzz_dy)*(dgzz_dy)  /  (2*gyy*gzz*gzz) 
+  (dgxx_dx)*(dgyy_dx)  /  (2*gxx*gxx*gyy) 
+  (dgxx_dx)*(dgzz_dx)  /  (2*gxx*gxx*gzz) 
+  (dgxx_dy)*(dgyy_dy)  /  (2*gxx*gyy*gyy) 

-  (dgxx_dy)*(dgzz_dy)  /  (2*gxx*gyy*gzz) 

-  (dgxx_dz)*(dgyy_dz)  /  (2*gxx*gyy*gzz) 
+  (dgxx_dz)*(dgzz_dz)  /  (2*gxx*gzz*gzz) 

-  (dgyy_dx)*(dgzz_dx)  /  (2*gxx*gyy*gzz) 
+  (dgyy_dy)*(dgzz_dy)  /  (2*gyy*gyy*gzz) 
+  (dgyy_dz)*(dgzz_dz)  /  (2*gyy*gzz*gzz); 


double  D_b_K_XB,D_b_K_YB,D_b_K_ZB,D_x_K_XX, 
D_y_K_XY,D_z_K_XZ,D_x_K_YX,D_y_K_YY, 
D_z_K_YZ,D_x_K_ZX,D_y_K.ZY,D_z_K_ZZ, 

D_X_K,D-Y_K,D_Z_K,measure,scalar; 
scalar  =  lapse  *  (R  +  K*K  —  K_AB_K_ab) 
+  2  *  (    D_x_beta_x  *  (K_XX  -  gXX*K) 
+    D.y_beta_y  *  (K_YY  -  gYY*K) 
+    D_z_beta_z  *  (K_ZZ  -  gZZ*K) 
+  (D_x_beta_y  +  D_y_beta_x)  *  K_XY 
+  (D_x_beta_z  +  D_z_beta_x)  *  K_XZ 
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+  (D_z_beta_y  +  D_y_beta_z)  *  K_ZY); 
measure  =  sqrt(  gxx  *  gyy  *  gzz  ); 
if  (0)  { 
printf("  x  %g,y  %g,z  %g\n",x,y,z); 
printf("    R    %g  measure    %g\n",R,measure); 
printf("   lapse  (R  +  K*K  -  K.AB_K_ab)  %g  %g\n", 

lapse,(R  +  K*K  -  K_AB_K_ab)); 
printf("D_x_beta_x  *  (K_XX  -  gXX*K)  %g\n", 

D_x_beta_x  *  (K_XX  -  gXX*K)); 
printf("D_y_beta_y  *  (K_YY  -  gYY*K)  %g\n", 

D_y_beta_y  *  (K.YY  -  gYY*K)); 
printf("D_z_beta_z  *  (K_ZZ  -  gZZ*K)  %g\n", 

D_z_beta_z  *  (K_ZZ  -  gZZ*K)); 
printf("(D_x_beta_y  +  D_y_beta_x)  *  K_XY  %g  \n", 

(D_x_beta_y  +  D_y_beta_x)  *  K_XY); 
printf("(D_x_beta_z  +  D_z_beta_x)  *  K_XZ  %g  \n", 

(D_x_beta_z  +  D.z_beta_x)  *  K_XZ); 
printf("(D_z_beta_y  +  D_y_beta_z)  *  K_ZY  %g  \n", 

(D_z_beta_y  +  D_y_beta_z)  *  K-ZY); 
printf( "returning  integrand  %g  NO  r**2  sin(theta)\n", scalar  * 

measure); 

} 

return(  (measure  *  scalar)  ); 

} 
} 
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